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1. Motivation and overview
The cosmological constant Λ appears in the Einstein equations as
Gab + Λgab = 8πGTab, (1.1)
where gab is the metric and Tab is the energy-momentum tensor corresponding to any
matter field present. G is Newton’s constant. Gab is the Einstein tensor computed
from the Ricci tensor Rab and the Ricci scalar R. The Christoffel symbols Γ
µ
νλ,
components of the Ricci tensor Rµν , the Ricci scalar R and components of the
Einstein tensor Gµν are given by
Γµνλ =
1
2
gµβ [∂νgλβ + ∂λgνβ − ∂βgνλ] , (1.2)
Rµν = ∂σΓ
σ
µν − ∂νΓσσµ + ΓσσλΓλνµ − ΓσνλΓλµσ, (1.3)
R = gµνRµν , (1.4)
Gµν = Rµν − 1
2
Rgµν , (1.5)
where gµν are the components of the inverse metric tensor gab : gµνgµλ = δ
ν
λ.
We will set c = 1 throughout the thesis. Our convention for the sign of the
metric will be mostly positive, (−, +, +, +, . . .). If not otherwise mentioned we
will always be working in (3+1)-dimensions. Throughout the thesis we will adopt
Einstein’s summation convention, i.e. if not otherwise mentioned repeated indices
will always be summed over. Throughout the thesis we will adopt the abstract
1
1. Motivation and overview
index notation as described in [1], i.e. we will use the lowercase Latin alphabet
to denote tensors and dual tensors whereas will use the Greek alphabet to denote
their components. A ‘vector’ sign over any quantity (like ~X) will always represent a
spacelike vector. Any pair of tensorial indices appearing with parenthesis or square
bracket will always denote symmetrization or anti-symmetrization respectively. If
not otherwise mentioned, Λ will mean a positive Λ throughout the thesis.
The cosmological constant Λ was first introduced by Einstein himself to achieve
a stationary cosmological model of our universe. The Friedmann-Robertson-Walker
(FRW) spacetime can be regarded as the first proposed model attempting to provide
a dynamics of our universe. Below we very briefly review the FRW cosmology and
the inclusion of Λ referring the reader to [1, 2, 3] for details.
In the FRW model it is assumed on the basis of the observed cosmological data
such as the distribution of the distant galactic masses and the X-ray or the γ-ray
spectra emitted from them that our universe is spatially isotropic in a large scale.
It can be shown that spatial isotropy implies spatial homogeneity too. Then the
spatial homogeneity and isotropy together imply that the spacetime can be foliated
by a family of spacelike hypersurfaces Σ of constant curvature. This means that
the components of the Riemann tensor R˜abcd over Σ is a multiple of the identity
operator, R˜µν
αβ = kδ[µ
[αδν]
β], where k is a constant [1].
Then it can be shown that there exist only three independent metrics over Σ
dΣ2 =
dR2
1− kR2 +R
2
(
dθ2 + sin2 θdφ2
)
, (1.6)
with k = 0, ± 1 and R, θ, φ are the usual spherical polar coordinates. k = 0 repre-
sents flat spatial section, i.e. spatial section with zero curvature. k = ±1 represent
respectively constant positive-curvature (3-sphere) and constant negative-curvature
(3-hyperboloid) spacelike surfaces. The cosmological redshift and luminosity data
2
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indicate that our universe is spatially flat k = 0, although the reason behind this is
not yet very well understood.
A convenient ansatz for the full spacetime metric can be formed in the following
way. Let us consider a family of timelike observers orthogonal to Σ with tangent
vector {ua} and proper time τ . We choose this class of observers in such a way
that ua ∼ ∇aτ , so that each τ = constant hypersurface coincides with one and
only one Σ. Then flowing the Σ’s along ua we ‘cover’ the entire spacetime. A
physically reasonable question then would be, how does such an observer see the
entire spacetime evolve? To answer this, we take the following most general ansatz
for the full spacetime metric preserving the spatial homogeneity and isotropy,
gab = uaub + a
2(τ)Σab, or equivalently, ds
2 = −dτ 2 + a2(τ)dΣ2, (1.7)
where a(τ) is smooth function known as the scale factor and dΣ2 is given by Eq. (1.6).
We have taken uau
b = −1, because had we chosen instead the norm to be some
−f 2(τ), we could have easily redefined a new ‘time’ by τ ′ = ∫ f(τ)dτ to get the
form of Eq. (1.7).
So all that we have to do now is to solve the Einstein equations with the ansatz
(1.7) and with some reasonable energy-momentum tensor Tab. At the cosmological
length scale we are interested in, Tab comes from stellar objects such as stars and
galaxies. Since the cosmological length scale is very large compared to the dimen-
sions of those stellar objects, we may treat them as grains of dust or perfect fluid.
By the assumption of isotropy, the flow line of those stellar objects must coincide
with the world lines {ua} of the observers. So Tab takes the form
Tab = ρuaub + P (gab + uaub) , (1.8)
where ρ(x) and P (x) are smooth functions regarded respectively as the energy den-
sity and pressure of the fluid. Using Eq.s (1.2)-(1.8) one then obtains the following
3
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two independent Einstein’s equations Gµ
ν = 8πGTµ
ν with Λ = 0,
3
a2
(
da
dτ
)2
= 8πGρ− 3k
a2
,
3
a
d2a
dτ 2
= −4πG (ρ+ 3P ) . (1.9)
Eq.s (1.9) give the general evolution for a spatially homogeneous and isotropic uni-
verse. The most astonishing thing of these equations are that, given ρ > 0 and
P ≥ 0, the universe cannot be static, i.e. independent of τ . To see this we first
note that a(τ) cannot be negative because that will give negative proper distance
a(τ)
√
dΣ2 between two spacelike separated points. Then the second of Eq.s (1.9)
shows that we have always
d2a
dτ 2
< 0. Also, the first of the above equations shows
that the universe is either expanding :
da
dτ
≥ 0, or contracting : da
dτ
≤ 0, where the
equality holds only when expansion goes over to contraction and vice versa. This
leads to many interesting features [1] of the FRW universes but we will not go into
them here.
Einstein himself was not happy with the FRW solutions which predict dynamic
universes. His objective was to construct a static or at least a quasistatic universe
to comply with the extremely slow motion of the stars surrounding us. In order to
achieve this he introduced a positive fundamental constant Λ, called the cosmological
constant, into the Einstein equations to get Eq. (1.1). With the inclusion of Λ
Eq.s (1.9) modify to
3
a2
(
da
dτ
)2
= 8πG
(
ρ+
Λ
8πG
)
− 3k
a2
,
3
a
d2a
dτ 2
= −4πG
[
ρ+ 3
(
P − Λ
8πG
)]
. (1.10)
The second of Eq.s (1.10) shows that positive Λ has a negative ‘pressure’ and thus it
may ‘balance’ the positive pressure of other matter fields. In particular, Einstein was
successful to obtain a static solution for k = +1, namely Einstein’s static universe,
ds2 = −dτ 2 + dΨ2 + sin2Ψ
(
dθ2 + sin2 θdφ2
)
, (1.11)
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where we have used the usual 3-sphere coordinates. For many interesting geometrical
properties of (1.11) we refer our reader to [1, 4].
After this the redshift observations of Hubble came in 1929 [5]. This proved that
our universe is indeed expanding, which was predicted earlier by the Λ = 0 FRW
cosmology. Thus Einstein’s motivation for introducing Λ was ruled out. After this Λ
was included in general relativity in numerous occasions but any sufficient physical
motivation was absent.
The story began to change from the end of the last century. The spectral and
photometric observations of 10 type Ia supernovae (SNe Ia) revealed the striking
possibility that our universe is not only expanding but doing so with an acceleration
with k = 0 [6, 7]. This means that both
da
dτ
and
d2a
dτ 2
must be positive. Since
we have assumed ρ > 0 and P ≥ 0 we see from Eq.s (1.10) that the accelerated
expansion is possible only for a positive Λ due to its negative pressure. In those
observations various cosmological data such as redshift factor, luminosity and the
Hubble constant were measured. Then these observed data were matched with
theoretical calculations made from an FRW universe. It was found that the observed
data matches exceedingly well with a k = 0 FRW universe undergoing accelerated
expansion. This shows that there is a strong possibility that our universe is indeed
endowed with a positive cosmological constant! So now we have a strong physical
motivation to study Λ > 0 gravity. There are a few models other than a positive
Λ using exotic matter fields which exert negative ‘pressure’ and hence may also
give rise to the accelerated expansion. All such matter fields are known as the
dark energy. However in this thesis we will not concern ourselves with forms of
dark energy referring our reader to [3, 8, 9] and references therein for exhaustive
theoretical and phenomenological discussions on this.
The above was a very brief overview of the physical motivation to study gravity
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with a positive Λ. Since the observed value of Λ is very small ∼ 10−52m−2, 1 it would
be reasonable to ask why we should not neglect the effect of Λ in local physics. Or
more precisely, how strong are the perturbative effects due to Λ? Are there any
non-perturbative effects too? We will review these topics in the remaining part of
this Chapter and attempt to answer a few of them in this thesis.
This Chapter is organized as follows. In the next Section we discuss various exact
solutions with positive Λ and their global properties. In Section 1.2 we discuss the
no hair theorems and uniqueness problems. In Section 1.3 we discuss some pertur-
bative calculations and geodesics in Λ > 0 spacetimes. In Section 1.4 we discuss de
Sitter black hole thermodynamics and Hawking radiation and the organization of
the thesis. Each of this Sections is an introduction to the problems we address in
the remaining part of this thesis.
1.1. Exact solutions with Λ > 0 and causal properties
of a cosmological event horizon
1.1.1. Exact solutions
In this Section we will discuss a few exact solutions with positive Λ and introduce
the cosmological event horizon.
Let us start with the simplest Λ-vacuum, viz., the de Sitter spacetime. If one solves
the Einstein equations (1.1) for Λ > 0 and Tab = 0 with the spatially homogeneous
and isotropic FRW ansatz (1.7) with flat spatial sections, k = 0 in Eq.s (1.6), one
1This is in fact a few times larger than the observed density of matter other than Λ, i.e. those
with P ≥ 0, which means that the present dynamics of our universe is dominated by Λ in large
scale [3].
6
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obtains (see e.g. [3]) in Cartesian coordinates
ds2 = −dτ 2 + e2
√
Λ
3
τ
(
dx2 + dy2 + dz2
)
, (1.12)
or in the usual spherical polar coordinates
ds2 = −dτ 2 + e2
√
Λ
3
τ
(
dR2 +R2dθ2 +R2 sin2 θdφ2
)
. (1.13)
The spacetime (1.12) or (1.13) is known as the de Sitter spacetime. This can
also be constructed by embedding a four-dimensional ‘surface’ in five-dimensional
Minkowski spacetime [4].
The de Sitter spacetime possesses a Killing vector field
ξa = (∂τ )
a ±
√
Λ
3
R(∂R)
a, ξaξa = −
1− ΛR2e2
√
Λ
3
τ
3
 . (1.14)
So ξa is timelike as long as Re
√
Λ
3
τ <
√
3
Λ
. Then by making the coordinate trans-
formations [10]
e
√
Λ
3
τR = r, τ = t+
1
2
√
3
Λ
ln
∣∣∣∣∣1− Λr23
∣∣∣∣∣ , (1.15)
the metric (1.13) can be brought to a manifestly static form
ds2 = −
(
1− Λr
2
3
)
dt2 +
(
1− Λr
2
3
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
. (1.16)
The timelike Killing field ξa = (∂t)
a becomes null at rC =
√
3
Λ
. Outside rC the
timelike Killing field becomes spacelike and the metric functions (1.16) flip sign.
Thus the chart in (1.15) covers only the region 0 ≤ r <
√
3
Λ
of the spacetime. The
null surface at r = rC is called the cosmological event horizon. It is a Killing
horizon and hence is not an artifact of the coordinates. We note here that rC is not
7
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a particle horizon. We recall that, if the Big Bang started at τ = 0, the particle
horizon Rmax(τ) in the FRW spacetime defines the maximum radial distance from
which an observer can receive light signals [3]
∫ Rmax
0
dR
1− kR2 =
∫ τ
0
dτ ′
a(τ ′)
, (1.17)
For k = 0 we have the maximum proper distance dmax(τ),
dmax(τ) = a(τ)Rmax = a(τ)
∫ τ
0
dτ ′
a(τ ′)
, (1.18)
where a(τ ′) in the integrand corresponds to different cosmological era that the uni-
verse has passed through since the Big Bang and a(τ) outside the integral represent
the present era where the observer is. Thus dmax(τ) depends on τ and so does not
equal
√
3
Λ
if we take the present metric to be de Sitter. In fact a particle horizon can
be defined in any spacetime irrespective of whether it possesses a timelike Killing
field or not and has nothing to do with any isometry of the spacetime. From now
on in this thesis ‘the cosmological horizon’ or ‘the cosmological event horizon’ will
always stand for the cosmological Killing horizon.
An interesting feature of the de Sitter spacetime is that the length scale
√
3
Λ
of
the cosmological event horizon is observer independent as long as the observers are
connected by spatial isometries and time translation. To see this let us explicitly
consider the transformations on (1.12)
τ ′ = τ + τ0, ~xi
′
= Dij ~xj + ~ǫi, (1.19)
where τ0 and ~ǫi are constants and D
i
j is the usual SO(3) rotation matrix with
constant components. Since any finite continuous transformation can be achieved
by successive infinitesimal transformations generated from the identity, we assume
(1.19) to be infinitesimal, i.e. Di
j = δi
j + ωi
j, with ω infinitesimal. Then the
8
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invariance of the norm of a vector under rotation shows that ωij is antisymmetric
in its indices.
Using the antisymmetry of ω, we find from Eq. (1.19)
δij ~xi
′ ~xj
′
= δij
(
~xi + ~ǫi
) (
~xj + ~ǫj
)
+O(ǫ · ω, ω2), (1.20)
δijd~xi
′
d~xj
′
= δijd~xid~xj . (1.21)
Eq. (1.21) shows that the de Sitter metric (1.12, 1.13) remains formally invariant
under the transformations (1.19):
ds2 = −dτ 2 + e2
√
Λ
3
τ
(
dx2 + dy2 + dz2
)
,
= −dτ ′2 + e2
√
Λ
3
(τ ′−τ0)
(
dx′2 + dy′2 + dz′2
)
= −dτ ′2 + e2
√
Λ
3
τ ′
(
dx˜′2 + dy˜′2 + dz˜′2
)
= −dτ ′2 + e2
√
Λ
3
τ ′
(
dR˜′2 + R˜′2dθ′2 + R˜′2 sin2 θ′dφ′2
)
, (1.22)
where in the second line we have used Eq.s (1.19) and (1.21), in the third line
we have defined the scale transformations ~x′i → e−
√
Λ
3
τ0~xi, and in the last line we
have defined the new radial variable R˜′2 = e−2
√
Λ
3
τ0δij ~xi
′ ~xj
′
and accordingly the new
polar and azimuthal angles θ′ and φ′. Eq.s (1.22) show that the Killing field ξa in
Eq. (1.14) also remains formally invariant under (1.19) — we have only to replace
τ and R with τ ′ and R˜′ respectively. With the same replacement we may define
the transformations (1.15) and arrive at Eq. (1.16) but now (t, r, θ, φ) properly
replaced with some (t′, r˜′, θ′, φ′). Thus under the transformations (1.19) the static
chart (1.16) still shows a cosmological horizon at r˜′C =
√
3
Λ
. This shows that for
observers connected by (1.19) in the de Sitter spacetime the cosmological horizon
remains unchanged in the length scale. In other words each such observer will ‘see’
the cosmological horizon at a spatial distance
√
3
Λ
from himself or herself.
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For many other interesting geometrical properties of the de Sitter spacetime we
refer our reader to [4].
How will the de Sitter spacetime change if a self-gravitating mass sits within it?
Or what will be the black hole solution within the de Sitter universe? We will
mention a few such solutions without giving any derivation, referring the reader to
e.g. [11].
The simplest case will be to assume spherical symmetry and vacuum. A suitable
ansatz for the metric is
ds2 = −λ2(r, t)dt2 + f 2(r, t)dr2 + r2
(
dθ2 + sin2 θdφ2
)
. (1.23)
With this we solve Eq. (1.1) with Tab = 0. One finds that Rtr = 0 implies ∂tλ
2 =
0 = ∂tf
2 and obtains the static solution
ds2 = −
(
1− 2MG
r
− Λr
2
3
)
dt2 +
(
1− 2MG
r
− Λr
2
3
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
,
(1.24)
known as the Schwarzschild-de Sitter solution. M is a constant which can be inter-
preted for Λ = 0 as the ADM mass of the spacetime. Setting M = 0 in Eq. (1.24)
recovers the de Sitter universe (1.16).
An electrically charged generalization of (1.24) can easily be achieved by taking
the Maxwell field as the source
L = −1
4
FabF
ab, (1.25)
where Fab = ∇[aAb], and Ab is the gauge field. Due to the spherical symmetry we
may take Aa =
Q
r
(dt)a, where the constant Q is the electric charge. The energy-
momentum tensor for the Maxwell field (1.25) is
Tab = FacFb
c + Lgab. (1.26)
10
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With all these we may solve Eq.s (1.1) for (1.23) to obtain
ds2 = −
(
1− 2MG
r
− Λr
2
3
+
Q2
r2
)
dt2 +
(
1− 2MG
r
− Λr
2
3
+
Q2
r2
)−1
dr2
+ r2
(
dθ2 + sin2 θdφ2
)
, (1.27)
known as the Reissner-No¨rdstrom-de Sitter solution.
The Reissner-No¨rdstrom-de Sitter solution can be further generalized to the ro-
tating spacetime known as the Kerr-Newman-de Sitter solution,
ds2 = ρ2
(
∆−1r dr
2 +∆−1θ dθ
2
)
+
∆θ
ρ2Σ2
[
adt−
(
r2 + a2
)
dφ
]2 − ∆r
ρ2Σ2
[
dt− a sin2 θdφ
]2
,
(1.28)
where
ρ2 = r2 + a2 cos2 θ, ∆r =
(
r2 + a2
) (
1− Λr
2
3
)
− 2MGr +Q2,
∆θ =
(
1 +
Λa2
3
cos2 θ
)
, and Σ =
(
1 +
Λa2
3
)
. (1.29)
The gauge field of this solution is given by
Aa =
Qr
ρ2Σ
[
(dt)a − a sin2 θ(dφ)a
]
. (1.30)
The parameter a is related to the rotation of the spacetime. For Q = 0, Eq. (1.28)
is known as the Kerr-de Sitter solution. There exist a few other exact solutions with
positive Λ, one of which will be shown in Chapter 4 to describe a de Sitter cosmic
string spacetime.
Let us now consider the Schwarzschild-de Sitter spacetime (1.24). The metric
(1.24) has singularities at r = 0 and at points corresponding to
(
1− 2MG
r
− Λr
2
3
)
= 0,
i.e. points where the timelike Killing field (∂t)
a becomes null, defining the Killing
11
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horizons of the spacetime. It is easy to compute from the metric functions (1.24)
the invariant
RabcdR
abcd =
48G2M2
r6
+
Λ2
4
, (1.31)
which shows that like the Schwarzschild spacetime, r = 0 is a genuine or curvature
singularity for (1.24) and hence cannot be removed by any coordinate transforma-
tion. The points at which the timelike Killing vector field becomes null define the
horizons of the spacetime. In order to find these points we solve
(
1− 2MG
r
− Λr
2
3
)
= 0,
or equivalently the cubic equation
r3 − 3r
Λ
+
6MG
Λ
= 0. (1.32)
This can be solved by the usual Cardan-Tantaglia method. Let r = m+ n, so that
r3 = m3 + n3 + 3mn (m+ n) = m3 + n3 + 3mnr
⇒ r3 − 3mnr −
(
m3 + n3
)
= 0. (1.33)
Comparing Eq.s (1.32) and (1.33) we have
m3n3 =
1
Λ3
,
(
m3 + n3
)
= −6MG
Λ
, (1.34)
which shows that m3 and n3 are the roots of the quadratic equation
x2 −
(
m3 + n3
)
x+m3n3 = x2 +
6MG
Λ
x+
1
Λ3
= 0. (1.35)
We solve this to find
m = (−1) 13
[
3MG
Λ
− 1
Λ
3
2
√
(9M2G2Λ− 1)
] 1
3
, n = (−1) 13
[
3MG
Λ
+
1
Λ
3
2
√
(9M2G2Λ− 1)
] 1
3
.
(1.36)
Noting that
(−1) 13 ≡
{
−1, 1 +
√
3i
2
,
1−√3i
2
}
, (1.37)
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the three roots r = m+ n of Eq. (1.32) subject to Eq.s (1.34) are the following
r1 = −
(3MG
Λ
− 1
Λ
3
2
√
(9M2G2Λ− 1)
) 1
3
+
(
3MG
Λ
+
1
Λ
3
2
√
(9M2G2Λ− 1)
) 1
3
 ,
r2 =
(
3MG
Λ
− 1
Λ
3
2
√
(9M2G2Λ− 1)
) 1
3 1 +
√
3i
2
+
(
3MG
Λ
+
1
Λ
3
2
√
(9M2G2Λ− 1)
) 1
3 1−√3i
2
,
r3 =
(
3MG
Λ
− 1
Λ
3
2
√
(9M2G2Λ− 1)
) 1
3 1−√3i
2
+
(
3MG
Λ
+
1
Λ
3
2
√
(9M2G2Λ− 1)
) 1
3 1 +
√
3i
2
.
(1.38)
There are three solutions depending upon the sign of the discriminant ∆ = (9M2G2Λ
−1). For ∆ > 0, r1 in Eq.s (1.38) is negative and the other two are complex conju-
gates of each other. So there is no actual horizon for this case and thus the curvature
singularity at r = 0 is naked. Also this situation seems unlikely for the observed
tiny value of Λ. Thus we may ignore positive ∆.
For ∆ = 0, we have
r1 = − 2√
Λ
, r2 =
1√
Λ
= r3, (1.39)
known as the Nariai class solution. The most likely situation subject to the tiny
value of Λ is ∆ < 0. Then the quantities within parenthesis in Eq. (1.38) become
complex. Writing
√
9M2G2Λ− 1 = i√1− 9M2G2Λ, we find the following three real
roots
r3 = rH =
2√
Λ
cos
[
1
3
cos−1
(
3MG
√
Λ
)
+
π
3
]
,
r2 = rC =
2√
Λ
cos
[
1
3
cos−1
(
3MG
√
Λ
)
− π
3
]
,
r1 = rU = − (rH + rC) . (1.40)
rH and rC are positive, thereby defining two true horizons of the spacetime. The
larger root rC is known as the cosmological event horizon and the smaller root rH
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is known as the black hole event horizon. The negative root rU is unphysical. Thus
for 3MG
√
Λ < 1, Eq. (1.24) represents a Schwarzschild black hole sitting inside the
cosmological horizon. For 3MG
√
Λ = 1 the roots rH and rC merge and we recover
the degenerate case of Eq. (1.39).
Since the observed value of Λ is very small, let us now find the expressions for rH
and rC in the limit 3MG
√
Λ≪ 1. We first note that if cosφ = x, we have
(
π
2
− φ
)
=
sin−1 x ≈ x for x ≪ 1. Then for 3MG√Λ ≪ 1, the quantity cos−1
(
3MG
√
Λ
)
in
Eq.s (1.40) can be approximated with
(
π
2
− 3MG
√
Λ
)
, giving
rH ≈ 2√
Λ
cos
(
π
2
−MG
√
Λ
)
=
2√
Λ
sin
(
MG
√
Λ
)
= 2MG
[
1 +O
(
MG
√
Λ
)2]
,
(1.41)
i.e. the Schwarzschild radius in the leading order, and
rC ≈ 2√
Λ
cos
(
π
6
+MG
√
Λ
)
=
2√
Λ
[√
3
2
cos
(
MG
√
Λ
)
− 1
2
sin
(
MG
√
Λ
)]
=
√
3
Λ
[
1−O
(
MG
√
Λ
)]
, (1.42)
i.e. the de Sitter horizon radius in the leading order. The observations show Λ ∼
10−52m−2, so that rC ∼ 1026m.
Unlike the de Sitter spacetime, the Schwarzschild-de Sitter spacetime is neither
spatially homogeneous nor isotropic, due the presence of the mass term M . This
implies that unlike the de Sitter spacetime the length scale of the cosmological
horizon will not be invariant for the Schwarzschild-de Sitter spacetime for observers
connected by spacetime translations and spatial rotations. However for a black hole
with M of the order of a few solar mass M⊙, we have 3MG
√
Λ ∼ 10−22. Then
for such a black hole the horizon lengths are given by Eq.s (1.41) and (1.42), i.e.
rH ∼ 104m. Also for length scales r ≫ 2GM , for example r ∼ 1020m, the metric
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(1.24) becomes de Sitter up to a very good approximation and so in this region the
spatial homogeneity and isotropy are restored approximately. Thus in the region far
away from a tiny black hole, the transformations of Eq.s (1.19) can be regarded as
isometries up to a very good approximation, and all observers connected by them
will find the cosmological horizon at
√
3
Λ
from himself or herself. On the other hand,
for a galactic centre black hole withM ∼ 109M⊙, we have 3MG
√
Λ ∼ 10−14, so that
rH and rC are still well approximated by Eq.s (1.41), (1.42) and rH ∼ 1012m. Then
for r ≫ 2GM , for example r ∼ 1023m, we recover spatial homogeneity and isotropy
approximately and all observers connected by isometry transformations in this region
will still find the cosmological horizon has length scale
√
3
Λ
. In [12] it was shown
that the spatially anisotropic expanding cosmological models evolve to the de Sitter
or the de Sitter cosmological multi-black hole spacetime of [10], asymptotically in
time. Then from the two extreme and realistic examples considered above we may
conclude that at sufficiently large distance from a gravitating object of compact
mass distribution, an observer at asymptotic late time can find himself or herself in
a universe surrounded by a cosmological horizon of size
√
3
Λ
.
Under some reasonable conditions on the parameters the Reissner-No¨rdstrom-de
Sitter and the Kerr-Newman-de Sitter solutions, Eq.s (1.27), (1.28), also exhibit
respectively a charged non-rotating and a charged rotating black hole sitting inside
the de Sitter universe. In Chapter 4 we will construct a cylindrically symmetric
de Sitter spacetime and see that this also exhibits a cosmological horizon. Like
the Λ = 0 spacetimes, the solutions (1.27), (1.28) also exhibit Cauchy horizons,
i.e. Killing horizons located inside the black hole [13]. Like the Kerr or the Kerr-
Newman spacetime the Kerr-de Sitter or the Kerr-Newman-de Sitter solutions also
exhibit ergospheres, i.e. a ‘closed’ surface over which the timelike Killing field which
is not orthogonal to any spacelike hypersurface becomes null, within which it is
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spacelike and which intersects the black hole horizon at two diametrically opposite
points θ = 0, π.
1.1.2. Maximal analytic extension at the cosmological event
horizon
We have seen that for known solutions of the Einstein equations the addition of a
positive Λ gives an outer boundary or outer null surface, namely the cosmological
event horizon. What are the causal properties of such a horizon? To answer this
we recall that in order to understand the causal properties of a black hole event
horizon one constructs a maximally extended coordinate system, namely the Kruskal
coordinates, to remove the coordinate singularities at the black hole horizon, see
e.g. [1, 14, 15]. We will do the same for the cosmological horizon. Let us choose
for simplicity the de Sitter spacetime and consider the static chart (1.16) which
manifestly exhibits the cosmological horizon. Along a radial (θ, φ = constant)
and null (ds2 = 0) geodesic in (1.16) we have
dt
dr
= ±
(
1− Λr
2
3
)−1
→ ±∞ for
r → rC =
√
3
Λ
. Thus in this chart the two branches of the light cone merge and
becomes vertical as one moves towards rC. So in order to understand the causal
structure of the spacetime at or around rC, let us derive a maximally extended
or Kruskal-like chart to remove the coordinate singularity at rC and construct a
well behaved light cone structure there. Precisely, our objective will be to obtain a
coordinate system (T, X) such that the (t, r) part of (1.16) becomes conformally
flat with no singularity at least at or around r = rC. We will see that nothing
can come in from the cosmological event horizon along a causal curve and hence it
acts as an outer causal boundary of our universe. The Kruskal extension for the
Schwarzschild-de Sitter spacetime (1.24) will also be derived, although for a different
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purpose, in Chapter 4.
For radial and null geodesics in (1.16) we have(
1− Λr
2
3
)
dt2 =
(
1− Λr
2
3
)−1
dr2, (1.43)
which means along such geodesics
t = ±r⋆ + constant, (1.44)
where r⋆ is the tortoise coordinate defined by
r⋆ =
∫
dr
1− r2
r2C
. (1.45)
Integrating, we find
r⋆ =
rC
2
ln
∣∣∣∣∣∣
1 + r
rC
1− r
rC
∣∣∣∣∣∣ , (1.46)
which shows that r⋆ = 0 at the origin of the polar coordinates r = 0 and r⋆ → +∞
as r → rC. Using Eq. (1.46) we rewrite the (t, r) part of the metric (1.16) in a
conformally flat form
ds2|Radial =
(
1 +
r(r⋆)
rC
)2
e
− 2r⋆
rC
[
−dt2 + dr2⋆
]
, (1.47)
where r as a function of r⋆ can be found from Eq. (1.46). Now we define outgoing
and incoming null coordinates u and v as
u = t− r⋆, v = t+ r⋆. (1.48)
In terms of these null coordinates Eq. (1.47) becomes
ds2|Radial = −
(
1 +
r(u, v)
rC
)2
e
(u−v)
rC dudv, (1.49)
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which after defining a set of new null coordinates u and v,
u = rCe
u
rC , v = −rCe−
v
rC , (1.50)
becomes
ds2|Radial = −
(
1 +
r(u, v)
rC
)2
dudv. (1.51)
Let us now define new timelike and spacelike coordinates T and X such that
T =
u+ v
2
= rCe
− r⋆
rC sinh
(
t
rC
)
, X =
u− v
2
= rCe
− r⋆
rC cosh
(
t
rC
)
, (1.52)
where we have used Eq.s (1.48) and (1.50). Eq.s (1.52) show the following relation-
ship between T , X , and t, r :
X2 − T 2 = r2Ce−
2r⋆
rC = r2C
∣∣∣∣rC − rrC + r
∣∣∣∣ , TX = tanh
(
t
rC
)
. (1.53)
With the new coordinates T and X the metric (1.51) becomes
ds2|Radial =
(
1 +
r(T, X)
rC
)2 [
−dT 2 + dX2
]
, (1.54)
where r as a function of (T, X) can be found from Eq.s (1.53). Since this metric
does not contain any singularity, it can be regarded as the analytic continuation of
the de Sitter metric for r ≥ rC. In terms of T and X the analytically continued full
de Sitter metric becomes
ds2 =
(
1 +
r(T, X)
rC
)2 [
−dT 2 + dX2
]
+ r2(T, X)
(
dθ2 + sin2 θdφ2
)
. (1.55)
Eq.s (1.53) show that at r = rC we have X = ±T , so that t→ ±∞, i.e. the horizon
has two temporal components C+ and C− known respectively as the future and
past cosmological horizons. This means that an outgoing particle will take infinite
Killing time t to reach the future horizon, C+. On the other hand, if an incoming
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Figure 1.1.: The Kruskal diagram for the de Sitter spacetime (1.55) with each point
understood over a 2-sphere.
particle starting from the horizon is to be detected somewhere inside the horizon, it
must have started infinite Killing time ago from C−. Fig. 1.1 shows the spacetime
diagram of the analytically extended de Sitter spacetime. In this diagram each point
is understood as tangent to a 2-sphere which means that the null surfaces C± have
topology R1 × S2. The two branches of the light cone in the (T, X) coordinate
are at ±45 ◦ to the vertical meaning we have indeed constructed a good coordinate
system. The dashed curves and straight lines refer respectively to r = constant and
t = constant hypersurfaces defined by Eq.s (1.53). At C± those hypersurfaces merge.
The null surfaces C± divide the spacetime into four regions. Using Eq.s (1.53) we
find that
r < rC in I, III; r > rC in II, IV. (1.56)
The timelike Killing field (∂t)
a is future directed in region I, hence region I represents
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the world where we are located. In II and IV, the Killing field is spacelike. The
analytically continued region III can be thought of as the Killing time reversal of
region I, i.e. (∂t)
a is past directed timelike there.
Let us now consider a causal curve in region I. Since the spacetime (1.16) can
be foliated by r = constant timelike hypersurfaces, any causal curve will be the
union of points over those hypersurfaces. In other words, we can construct any
infinitesimal causal displacement by flowing a particle along a r = constant curve,
and then flowing the particle perpendicular to it, remembering in each such step we
must have dT > 0. So we will take the variation of r = constant curves defined by
the first of Eq.s (1.53) along a timelike or null vector τa with parameter τ . Thus
taking the Lie derivative of the first of Eq.s (1.53) we have along any causal curve
followed by a particle located at r = rC − ǫ with ǫ→ 0,
X
∆X
∆τ
− T∆T
∆τ
=
rC
4
∆ |rC − r|
∆τ
⇒ X∆X − T∆T = rC
4
∆ |rC − r| = ǫ′ (say), (1.57)
with the causality requirement ∆T > 0.
For a particle outgoing (incoming) at the horizon, we have ǫ′ ≤ 0 (≥ 0), so that
(X∆X − T∆T ) |outgoing, I ≤ 0, (1.58)
and
(X∆X − T∆T ) |incoming, I ≥ 0. (1.59)
We note from the figure that since X2 − T 2 = 0 at r = rC, the r = constant curves
become asymptotic to C±. For a particle infinitesimally close to C+ in region I with
T, X > 0, we consider a displacement orthogonal to a r = constant hypersurface.
We see from the diagram that for such a displacement for a particle outgoing at C+,
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we have ∆X < 0 whereas for an incoming particle we have ∆X > 0. But the latter
is not possible at C+ since for this we have ∆T < 0. Thus Eq. (1.58) is possible at
C+ but Eq. (1.59) is not.
Similar arguments show that nothing can be outgoing at C− but can be incoming
in region I.
Thus we have seen that in region I, nothing can come out of the future horizon C+
and nothing can go into the past horizon C−. Can a particle then cross C+ and reach
region II? The answer is yes for a proper observer, in the following way. We consider
a particle moving along a timelike/null geodesic in (1.16) and outgoing at C+. The
trajectory is represented by the effective 1-dimensional central force motion2
1
2
r˙2 +
1
2
(
1− Λr
2
3
)(
L2
r2
− k
)
=
1
2
E2, (1.60)
where the ‘dot’ denotes differentiation with respect to a parameter τ along the
geodesic; E, L correspond respectively to the conserved energy and the total orbital
angular momentum of the particle and k = 0 (−1) for a null (timelike) geodesic and
dt
dτ
= E
(
1− Λr
2
3
)−1
. Eq. (1.60) shows that
dr
dτ
= +E > 0 at the horizon for an
outgoing particle. This means that for a proper observer with ‘time’ τ , the particle
cannot be at rest at the horizon and hence it must eventually disappear to reach
region II in a finite interval of the parameter τ .
For maximal extensions of the spacetimes mentioned in Eq.s (1.24), (1.27), (1.28),
we refer our reader to [13]. These spacetimes also possess cosmological horizons
under some reasonable conditions and the maximal extensions at the cosmological
horizon show the similar features discussed above. These spacetimes possess black
holes also. The black hole horizons in these spacetimes show similar properties as
those in asymptotically flat spacetimes. The Reissner-No¨rdstrom-de Sitter solution,
2See Appendix
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the Kerr-de Sitter or the Kerr-Newman-de Sitter solutions exhibit Cauchy horizons
located inside the black hole horizons. For Λ = 0 it has been shown that the Cauchy
horizons exhibit instability under gravitational perturbations [16]. It is likely that
such kind of instabilities will also be present for the de Sitter black holes.
The Killing horizons which show past and future components such as C± under
maximal analytic extensions are called eternal horizons. Now the question is how
much of the maximal extension discussed above should be taken seriously? We recall
that for a black hole formed from a gravitational collapse of a stellar object the past
Killing horizon for t→ −∞ does not exist—because at asymptotic past the collapse
had only begun [1]. Such arguments can be applied for the de Sitter horizon also.
Eq. (1.15) gives τ → −∞ at C−. But we recall that our universe is evolving to the
de Sitter space asymptotically in τ [12], so we may discard C−. Then regions III
and IV are absent in Fig. 1.1 and the only regions are I and II separated by C+.
In any case, the above discussions show that the most non-trivial common feature
of the known and physically reasonable Λ > 0 spacetimes is the existence of a
cosmological event horizon. This is a Killing horizon and nothing can come in from
it, thereby acting as a natural outer causal boundary of the spacetime. So the
infinities of such a spacetime is not very meaningful to a physical observer located
in region I. Therefore, no precise notion of asymptotics exist in such spacetimes.
There may also be non-trivial boundary effects due to this horizon. Due to this
reason, in particular, throughout this thesis our motivation will be to study gravity
in such spacetimes without referring to the region beyond the cosmological horizon.
When in general does a spacetime have a cosmological horizon? We have seen
from the known exact solutions that the addition of a positive Λ into the Einstein
equations gives rise to a cosmological horizon. An interesting question at this point
would be what happens if there is self gravitating matter without any particular
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spatial symmetry? In particular, is there still an outer (cosmological) event horizon?
More generally, what is the general criterion for the existence of a cosmological event
horizon? We will address these questions in the next Chapter.
1.2. No hair theorems and uniqueness
The black hole no hair conjecture states that any gravitational collapse reaches a
final stationary state characterized by a small number of parameters. A part of this
conjecture has been proven rigorously, known as the no hair theorem [17, 18, 19],
which deals with the uniqueness of stationary black hole solutions characterized
by mass, angular momentum, and charges corresponding to long-range gauge fields
only.
These proofs usually involve constructing a suitable positive definite quadratic
vanishing volume integral from the matter equation of motion which gives the fields
to be zero identically everywhere in the black hole exterior. In particular, it has been
shown that static spherically symmetric black holes in asymptotically flat spacetime
do not support external fields corresponding to scalars in convex potentials, Proca-
massive vector fields [20], or even gauge field corresponding to the Abelian Higgs
model [21, 22]. Physically the no hair conjecture means that most of the matter
constituting a stellar object either go inside the event horizon or escape to infinity
during the collapse. The most noteworthy thing in all these proofs [20, 21, 22] is
that none of them need to solve the Einstein equations explicitly − they only use
the matter equations of motion derived from standard Lagrangians. This implies
that the non-existence of matter fields outside the black hole is a consequence of the
formation of the horizon by a collapse — and does not depend upon the particular
equation the spacetime itself obeys.
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However, the above references assume that the spacetime to be asymptotically
flat so that sufficiently rapid fall off conditions on the matter fields can be imposed
at infinity. But we recall from the previous discussions that it is very likely that
we have a cosmological event horizon as an outer boundary of our universe. If we
have a black hole, the black hole event horizon will be located inside the cosmological
horizon and the spacetime is known as the de Sitter black hole spacetime. We argued
in the previous Section that the cosmological horizon has a length scale of the order
of 1026 m, which is of course large but not infinite. We also demonstrated that
the cosmological horizon acts as a natural boundary of the universe beyond which
no causal communication is possible, and the infinities or the asymptotic region in
such a spacetime are not very meaningful. So in the most general case neither can
we impose any precise asymptotic behavior on the matter fields in such spacetimes,
nor should we set Tab = 0 in the vicinity of the cosmological horizon since it is not
located at infinity. Keeping the non-existence of any precise asymptotic behavior of
the matter fields in mind, the extension of the no hair theorems for de Sitter black
holes seems an interesting task.
In particular, Price’s theorem, which can be regarded as a time-independent per-
turbative no hair theorem [23] was proved in [24] for the Schwarzschild-de Sitter black
hole spacetime by taking massless perturbations in SL(2, C) spinorial representa-
tions. So it would be highly interesting to generalize all known non-perturbative no
hair theorems for a static de Sitter black hole spacetime.
We will address this problem in details in Chapter 3. We will discuss also some
counterexamples of the no hair theorems [25, 26] and also show that due to the
non-trivial boundary effect at the cosmological horizon the no hair theorem for the
Abelian Higgs model can fail for a static spherically symmetric de Sitter black hole.
This has no Λ = 0 analogue. In fact this shows that the existence of the cosmological
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horizon can affect local physics.
We will also generalize some no hair theorems for a stationary axisymmetric de
Sitter black hole spacetime. For Λ = 0 the no hair proofs for a rotating black hole
for scalar and Proca-massive vector fields were first given in [27] assuming time
reversal symmetry of the matter equations and a particular form of the metric. For
a discussion on (2+1)-dimensional no hair theorems see [28]. See also [29] for a
scalar no hair theorem with a non-minimal coupling in stationary asymptotically
flat black spacetimes.
For Λ = 0 it can be rigorously shown that in (3+1)-dimensions the only spher-
ically symmetric vacuum solution to the Einstein equations is the Schwarzschild
solution. This statement is known as the Birkhoff theorem [4]. Similarly it can
be showed that the only electrically charged, spherically symmetric solution to the
Einstein equations is the Reissner-No¨rdstrom solution. It can also be shown that,
for an asymptotically flat spacetime the Kerr or Kerr-Newman family is the unique
solution of the vacuum or electrovac Einstein’s equations, see e.g. [16, 30, 31]. This
statement is known as the Robinson-Carter theorem. For the uniqueness proof of
asymptotically anti-de Sitter vacuum black holes we refer our readers to [32, 33].
The uniqueness proof of stationary de Sitter black holes however, remains elusive.
While we will not address this problem in this thesis, we will discuss briefly the
progress on this topic at the end of Chapter 3.
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1.3. Perturbative studies and geodesics in Λ > 0
spacetimes
In this Section we will discuss perturbative stability of the de Sitter black holes
and the motion of geodesics in such spacetimes. Although stability issues are not
discussed in this thesis, we make this digression because this can also be interpreted
as a perturbative and time-dependent version of the no hair theorems.
For Λ = 0, a complete analysis on perturbative stability can be found in [16]. The
analysis usually involves writing down an effective Schro¨dinger-like equation in a
given background. For example, we take a free massless scalar field Ψ with moving
in the Schwarzschild-de Sitter background (1.24). If we take usual separation of
variables : Ψ(t, r, θ, φ) =
u(r)
r
e−iωtYlm(θ, φ), the scalar equation of motion reduces
to
−d
2u
dr2⋆
+
(
1− 2MG
r
− Λr
2
3
)[
l(l + 1)
r2
+
2MG
r3
− Λ
3
]
u(r) = ω2u(r), (1.61)
where r⋆ is the tortoise coordinate defined by r⋆ =
∫ (
1− 2MG
r
− Λr
2
3
)−1
dr. The
next task is then to solve Eq. (1.61) with appropriate boundary conditions. We know
that an incoming observer takes infinite Killing time t to reach the black hole hori-
zon and an outgoing observer takes infinite Killing time t to reach the cosmological
horizon and nothing can come out of them. Also, since
(
1− 2MG
r
− Λr
2
3
)
= 0 on
the horizons, Eq. (1.61) shows that u(r) has the form of plane waves at the horizons.
So for the Schwarzschild-de Sitter spacetime, the appropriate boundary condition
would be − ingoing plane wave at the black hole event horizon, and outgoing plane
wave at the cosmological event horizon. The solution of Eq. (1.61) with this bound-
ary condition was found in [34]. The frequencies ω are complex numbers and are
known as the quasinormal modes. It is clear from the time dependence ∼ e−iωt that
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if the complex part of these frequencies are negative, the perturbation decays at
late time and the spacetime is then said to be stable under such perturbation. One
then says that the perturbation either moves into the black hole or flows out of the
cosmological horizon. It was shown in [34] that there are two stable quasinormal
modes corresponding to the two horizons of the Schwarzschild-de Sitter spacetime,
the complex part of each of which is determined by the respective horizon’s surface
gravity.
For gravitational perturbation and the stability of the Cauchy horizon of the
Kerr-de Sitter and Reissner-No¨rdstrom-de Sitter spacetimes we refer our readers to
[24, 35]. It remains as an interesting task to study the perturbation and quasinormal
modes for Maxwell and Dirac fields in various de Sitter black hole backgrounds.
Next, let us come to the effect of positive Λ on geodesics. This in particular, is
related to possible observable effects like gravitational lensing.
For Λ = 0, a complete study of geodesic motion can be found in [16] and references
therein. To see the effect of positive Λ on geodesics let us consider a particle following
a timelike or null geodesic in the Schwarzschild-de Sitter spacetime. Let E and L be
the conserved energy and orbital angular momentum associated with that geodesic.
As in the case for the Schwarzschild spacetime [1, 16], or the de Sitter spacetime
(Eq. (1.60)), we can map this motion to an effective 1-dimensional non-relativistic
central force problem of a unit rest mass test particle with energy
1
2
E2 and total
orbital angular momentum L,
1
2
r˙2 + ψ(r, L) =
1
2
E2,
(
θ˙2 + φ˙2 sin2 θ
) 1
2 =
L
r2
, (1.62)
where the dot denotes differentiation with respect to a parameter along the geodesic,
ψ(r, L) =
1
2
(
1− 2MG
r
− Λr
2
3
)(
L2
r2
− k
)
is the effective potential barrier and k =
−1 (0) for a timelike (null) geodesic. So the effect of positive Λ can be estimated by
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observing bending of light and motion of massive particles. A realistic problem on
gravitational lensing would then be to find out the effect of Λ over light bending in
the field of a spherical stellar object by solving Eq.s (1.62). In fact some progress
have already been made in this topic recently [36]-[40], showing that positive Λ has
a repulsive effect over the geodesics.
The study of light bending is particularly interesting in cosmic string spacetimes.
A cosmic string is a cylindrically symmetric distribution of mass confined in a com-
pact region of spacetime and zero outside. For Λ = 0 such spacetimes have been
studied in e.g. [41]-[47], most of which are curved space generalizations of the
Nielsen-Olesen string solution [48]. We refer our reader to [49] for an exhaustive
study and list of references on this topic. These spacetimes show a conical singular-
ity or a deficit in the azimuthal angle φ in the asymptotic region,
ds2
∣∣∣
ρ→∞ = −dt
2 + dρ2 + dz2 + δ2ρ2φ2, (1.63)
where the constant δ equals (1−4Gµ), µ being the string mass per unit length. This
is known as the Levi-Civita spacetime. Using Eq.s (1.2) and (1.3) we can compute
the components of the Ricci tensor for (1.63) — they all vanish identically. On the
other hand if one studies the motion of a null geodesic for (1.63), one finds that the
geodesic bends towards the string due to the conical singularity δ. In other words
light gets attracted towards the string in the asymptotic region even though the
curvature is zero there. This may be regarded as the gravitational analogue of the
Aharanov-Bohm effect, see [49] and references therein.
The study of cosmic string spacetimes with a positive Λ is in particular, inter-
esting due to the expected repulsive effect due to Λ. In the exterior of a de Sitter
cosmic string both the attractive effect due to the string and repulsive effect due to
the ambient cosmological constant should be present. While for (1.63) light bends
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towards the string in the asymptotic region, it seems that for Λ > 0 such an effect
may become weaker as we move away from the string. With this motivation we
will construct explicit solutions for the cosmic Nielsen-Olesen strings with Λ > 0 in
Chapter 4 (for both free cosmic string and string with a black hole) and deriving
analogues of Eq.s (1.62), we will discuss the motion of null geodesics in the free
cosmic string background.
1.4. Positive mass, thermodynamics and Hawking
radiation
The notion of a mass or mass function for a spacetime is an important thing in
general relativity. The principal physical criterion of this mass function should be
the following. Firstly, it must be defined with respect to a timelike Killing field, sec-
ondly, one should be able to relate the mass to the geodesic motion for a Newtonian
interpretation and finally the mass function must be a positive definite quantity. It
is the third criterion that makes the problem very severe because one cannot define
a satisfactory notion of the gravitational Hamiltonian unless one goes to the asymp-
totic region in an asymptotically flat spacetime [1]. Only an approximate notion of
this can be defined perturbatively and locally but the positivity of this quantity is
far from obvious.
For asymptotically flat spacetimes a gravitational mass can be defined in several
ways. One is the Komar mass. This is proportional to the surface integral of the
derivative of the norm of the timelike Killing field and thus is related directly to
geodesic motion. In general the Komar integral will be positive definite only if the
matter energy-momentum tensor Tab satisfies the strong energy condition (SEC) :
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(
Tab − 12Tgab
)
ξaξb ≥ 0, for any timelike ξa [1]. We will see in the next Chapter that
positive Λ violets SEC, thus the notion of Komar mass is not very meaningful for
spacetimes with Λ > 0.
The second is the Arnowitt-Deser-Misner (ADM) [50, 51, 52] formalism. In this
approach a gravitational Hamiltonian density is defined with respect to the timelike
Killing field in the asymptotic region and the integral of this Hamiltonian density is
computed in the asymptotic region. This integral is interpreted as the gravitational
mass.
It is known from the Raychaudhuri equation that a matter field would converge
geodesics only if it satisfies the SEC [1, 4]. Also, it is known that the SEC implies the
weak energy condition i.e., the positivity of the energy density. Using these two facts
an approach to define gravitational mass and to prove its positivity was developed
in [53, 54] for asymptotically flat spacetimes. Since positive Λ repels geodesics even
though it has a positive energy density, the above approach does not hold for any
Λ > 0 spacetime.
The positivity conjecture of the ADM mass was first proved in [55, 56]. Soon
afterward, a remarkable proof of the positivity of the ADM mass was given in [57]
using spacelike spinors. This proof involved the assumption of a spinor over a
spacelike non-singular Cauchy surface. This result was generalized for black holes
in asymptotically flat or anti-de Sitter spacetimes in [58]. The Λ ≤ 0 spacetimes
usually have well defined asymptotic structure or infinities which are accessible to
the geodesic observers. The references mentioned above consider explicit asymptotic
structures of such spacetimes at spacelike infinities which are uniquely Minkowskian
or anti-de Sitter. Thus the positivity of the ADM mass for Λ ≤ 0 spacetimes is
quite well understood.
30
1. Motivation and overview
Let us now take an account of the progress made so far on the definition of mass
or mass functions for spacetimes with positive Λ. The very first approach can be
found in [13], where a mass function was defined at the black hole and cosmological
horizons using the integral of their respective surface gravities for stationary de
Sitter black hole spacetimes. After that a perturbative approach was developed
for asymptotically Schwarzschild-de Sitter spacetimes [59]. In this approach one
considers metric perturbation in a region far away from the black hole, but inside
the cosmological event horizon. The background spacetime in this region is de Sitter.
A local gravitational energy momentum tensor was constructed and with respect to
the background de Sitter timelike Killing field the mass of the perturbation was
defined. This approach is similar to the usual Hamiltonian formulation of general
relativity. For asymptotically Schwarzschild-de Sitter spacetimes the mass in this
asymptotic region with respect to the de Sitter background was found to be M , i.e.
the mass parameter of the Schwarzschild-de Sitter metric (1.24). The spinorial proof
of ADM mass was generalized later [60, 61] to show that the mass defined in the
sense of [59] with respect to the background de Sitter spacetime is indeed a positive
definite quantity.
How do quantities well defined on a black hole horizon change under infinitesi-
mal variation of its mass? To answer this, we compute the variation of M for a
Schwarzschild black hole [62],
δM =
κH
8π
δAH, (1.64)
where κH =
1
4M
is the horizon’s surface gravity, and AH is the horizon area. Similar
variation can be made for charged and rotating black holes giving additional terms
in the above equation [62]. Equations like (1.64) are known as the Smarr formula.
Before we interpret formula (1.64), we mention here some interesting results. It
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was shown in [63] that by no classical physical process the area of black hole event
horizon can be decreased − it either increases or at least remains the same. Also it
can be shown that for a Killing horizon with a hypersurface orthogonal null Killing
field, the surface gravity κH is a constant over the horizon (see e.g. [1]). It can also
be demonstrated that the surface gravity of a black hole horizon cannot be brought
to zero by a finite number of physical processes (see e.g. [64] and references therein).
Now a question may be asked from the thermodynamical point of view. If we
throw an object with some entropy into a black hole, is the entropy lost forever?
If the answer is yes, clearly we violate the second law of thermodynamics. So the
answer must be no. Keeping in mind that the black hole horizon’s area can never be
decreased and in fact it increases when we throw objects within, it was proposed in
[65] that the horizon’s area is proportional to the black hole entropy, SBH =
AH
4
. So
the area theorem [63] is basically an analogue of the second law of thermodynamics.
Also one may identify κH which is a constant over the horizon, to be the horizon’s
equilibrium temperature— which is an analogue of the zeroth law. Moreover the
impossibility of reaching zero surface gravity by a finite number of physical processes
can be regarded as the analogue of the third law. So Eq. (1.64) looks like the second
law equation of thermodynamics with pressure P = 0. A rigorous formulation of
the four laws of black hole mechanics in asymptotically flat spacetimes can be found
in [66]. We further refer our reader to [67] for a vast review and interesting issues
on this topic.
If an object has a certain non-zero temperature and entropy, we know that it must
emit thermal radiation. So in order to check whether black hole thermodynamics
has any physical meaning, one has to see whether the black hole can make thermal
emissions. While classically it cannot, it was shown in [68, 69] that quantum me-
chanically a black hole can emit thermal radiation at temperature
κH
2π
, in absolute
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agreement with Eq. (1.64). This remarkable phenomenon is known as the Hawking
radiation. Hawking’s first calculations [68] was done in asymptotically flat space-
time and it was relied on the ‘in’ and ‘out’ particle states defined in the future and
past null infinities I±. The incoming quantum fields from I− gets scattered by a
collapsing object which forms a black hole in the asymptotic future. The outgoing
waves which are not trapped by the future black hole horizon reaches I+. Using
the geometric optics approximation it was very remarkably shown that the outgoing
waves at I+ are thermal. Later the proof for the black hole radiance was rederived
using path integrals [69].
The semiclassical tunneling method [70]-[82] is an alternative way to model parti-
cle emission from a black hole using relativistic single particle quantum mechanics.
The basic scheme of this method is to compute the imaginary part of the ‘particle’
action by integrating the equation of motion across the horizon along an outgoing
complex path. This integral gives the emission probability from the event horizon.
From the expression of the emission probability one identifies the temperature of the
radiation. This alternative approach of the Hawking radiation has received great
attention during last few years. It is noteworthy that both of these methods deal
only with the near horizon geometry, they can be very useful alternatives particu-
larly when the spacetime has no well defined asymptotic structure or infinities like
the de Sitter or de Sitter black hole spacetimes. We shall discuss particle creation
via the semiclassical method in Chapter 5.
In spacetimes with Λ > 0 the issues of black hole thermodynamics and Hawking
radiation are rather complicated and less understood. The very first attempt to
study thermodynamics and particle creation in such spacetimes can be found in
[13]. The generalization of Eq. (1.64) for the Schwarzschild-de Sitter spacetime was
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found to be
κHδAH + κCδAC = 0, (1.65)
where AC and κC are respectively the area and the surface gravity of the cosmological
horizon. It can be shown that κC is a constant over the cosmological horizon. Then
it turns out that it should also radiate at temperature
κC
2π
. Thus even the de Sitter
spacetime has a Hawking-like temperature. In [13] the region between the two
horizons were separated by an opaque membrane and the thermal radiation coming
from both the horizons were studied separately using path integral quantization. It
was shown that the cosmological event horizon indeed radiates thermal ‘particles’
at temperature
κC
2π
. However the problem arises when one does not isolate the
two horizons. Then thermal radiation from both the horizons will mix and the
resultant spectrum would be non-thermal. Then there exists no well defined notion
of temperature in de Sitter black hole spacetimes. Moreover, what will be the
entropy of such spacetimes? It has been argued in [83]-[86] that for a multi-horizon
spacetime like de Sitter black holes, the entropy area law may break down. So far
it is only clear that both the black hole and the cosmological horizon radiate at
temperatures proportional to their respective surface gravities. But can we treat
these two radiations in equal footing?
We will address some of the above issues in Chapter 5. We will rederive Eq. (1.65)
using the mass function of [59]. We will also prove the universality of Hawking or
Hawking-like radiation from any stationary Killing horizon via the semiclassical com-
plex path method and then we will discuss Hawking radiation in the Schwarzschild-
de Sitter spacetime. However, it remains as an interesting problem to construct a
meaningful quantum field theory of the Hawking radiation in de Sitter black hole
spacetimes.
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The thesis is organized as follows. In the next Chapter we will construct a gen-
eral existence proof of cosmological event horizons for general static and stationary
axisymmetric spacetimes. Using the geometrical set up developed in Chapter 2,
we will discuss various no hair theorems for static and stationary axisymmetric de
Sitter black holes in Chapter 3. Chapter 4 will be devoted to the discussions of
cosmic Nielsen-Olesen string solutions with positive Λ. Chapter 5 will concern with
thermodynamics and the Hawking radiation for the Schwarzschild-de Sitter space-
time. A proof of the universality of the Hawking or Hawking-like radiation from
Killing horizons of stationary spacetimes will be given via the semiclassical complex
path method. Finally we summarize the thesis in Chapter 6 mentioning some future
directions.
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In the previous Chapter we mentioned a few exact solutions with Λ > 0 and de-
scribed the causal structure of a cosmological event horizon. In general we expect
that a positive cosmological constant implies the existence of a cosmological event
horizon, i.e. an event horizon which acts as an outer causal boundary of the space-
time. As we have seen, if we add a positive cosmological constant Λ into the Einstein
equations, we find de Sitter space in the absence of matter for a spatially homoge-
neous and isotropic universe. We have seen in the previous Chapter that this solution
exhibits an outer Killing horizon of size
√
3
Λ
. On the other hand, if we assume the
spacetime to be static and spherically symmetric, or stationary and axisymmetric,
the solution to the vacuum Einstein equations is the Schwarzschild-de Sitter or the
Kerr-de Sitter [11]. When Λ and the other parameters of these solutions (such as
the mass parameter M and the rotation parameter a) obey certain conditions be-
tween them, we obtain static or stationary black hole spacetimes embedded within
a cosmological Killing horizon. There exist a few other exact solutions of the Ein-
stein equations with a positive Λ, all exhibiting cosmological horizons under some
reasonable conditions.
It is interesting to note the following in this context. All known solutions with
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or without matter and for Λ ≤ 0 do not exhibit cosmological event horizons. We
recall that the energy-momentum tensor Tab corresponding to any physical matter
field obeys the weak energy condition (WEC), i.e. for any timelike na one has
Tabn
anb ≥ 0. We also recall two other energy conditions, namely the null energy
condition (NEC) and the strong energy condition (SEC). The former one states
that for any future directed null vector field ua, Tabu
aub ≥ 0. The strong energy
condition states that for any future directed timelike na,
(
Tab − 12Tgab
)
nanb ≥ 0.
The cosmological constant term, appearing as 8πGTab ≡ −Λgab on the right hand
side of the Einstein equations obeys WEC for Λ > 0, i.e. the vacuum energy
density corresponding to Λ > 0 is positive. Since a positive Λ and any physical
matter field both satisfy WEC, we ask here why a positive Λ implies the existence
of a cosmological or outer horizon. In other words, why is the global structure of
spacetimes with Λ > 0 are so different than those with Λ ≤ 0?
Secondly, what happens if we have matter fields in de Sitter or de Sitter black hole
spacetimes? In particular, is there still an outer (cosmological) event horizon? More
generally, what is the criterion for the existence of a cosmological event horizon? Or,
can we find a class of matter fields which also imply the existence of a cosmological
event horizon? In this Chapter we focus on this question and establish a general
criterion for the existence of an outer or cosmological horizon. We discuss two kinds
of spacetime, one static, and the other stationary and axisymmetric. An inner or
black hole event horizon is not assumed, although one may be present. In fact we
will see that the presence of the inner horizon does not affect our result anyway. Our
region of interest of the spacetime will be the region inside the cosmological horizon,
or if a black hole is present the region between the black hole and the cosmological
horizon.
Let us now come to our assumptions. We assume that the spacetime is regular,
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i.e. there is no naked curvature singularity anywhere in our region of interest. Since
the curvature is related to the energy-momentum tensor, this assumption implies
that the scalar invariants constructed out of the energy-momentum tensor Tab are
bounded everywhere in our region of interest.
We assume that the spacetime connection ∇ is torsion free, i.e. for any smooth
spacetime function ε(x) we have identically
∇[a∇b]ε(x) = 0. (2.1)
We also assume that the energy-momentum tensor satisfies the weak energy condi-
tion, i.e., the most reasonable energy condition expected from any physical matter
field : Tabn
anb ≥ 0 for any timelike na. This is the only energy condition we assume
any matter field we are concerned with must satisfy. We assume in the following
that a ‘closed’ and null outer horizon already exists and then find the condition
that the energy-momentum tensor must fulfill for the Einstein equations to hold.
We find that the strong energy condition must be violated by the energy-momentum
tensor, at least over some portion of the spacelike hypersurface inside the outer hori-
zon. While the simplest example of such a matter field is a positive cosmological
constant, we also find conditions on the energy-momentum tensor due to ordinary
matter satisfying the strong energy condition so that Λ > 0 implies an outer horizon.
2.1. Static spacetimes
In the previous Chapter we discussed the features of a cosmological event horizon
by considering the de Sitter spacetime. For known static or stationary solutions,
a cosmological horizon, like a black hole horizon is a Killing horizon with future
and past components. Let us now generalize the notion of Killing horizons for an
38
2. On the existence of cosmological event horizons
arbitrary static spacetime in a coordinate independent way.
We start with a spacetime which is static in our region of interest. So in this
region the spacetime is endowed with a timelike Killing vector field ξa,
∇aξb +∇bξa = 0, (2.2)
with norm ξaξ
a = −λ2. Since the spacetime is static, ξa is by definition orthogonal
to a family of spacelike hypersurfaces Σ, and we have the Frobenius condition of
hypersurface orthogonality
ξ[a∇bξc] = 0. (2.3)
A Killing horizon H of the spacetime is defined to be a 3-dimensional surface to
which ξa is normal and becomes null, i.e. λ2 = 0 over H [1, 13]. A normal to
the λ2 = 0 surface H is Ra = ζ(x)∇aλ2 also, where ζ(x) is a smooth spacetime
function. Using the torsion-free condition (2.1) it is easy to see that Ra satisfies the
Frobenius condition of hypersurface orthogonality, meaning H is a null hypersurface
with normal Ra or ξa. The region of our interest of the spacetime is given by
H ∪ Σ ∪ γξ, where γξ denotes the orbits of the timelike Killing field ξa.
Let us consider the Killing identity for ξa
∇a∇aξb = −Rabξa , (2.4)
and contract both sides of Eq. (2.4) by ξb to obtain
∇a∇aλ2 = 2Rabξaξb − 2 (∇aξb)
(
∇aξb
)
. (2.5)
Also we use the Killing equation (2.2) and the Frobenius condition (2.3) to get
∇aξb = 1
λ
(ξb∇aλ− ξa∇bλ) . (2.6)
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Substituting this into Eq. (2.5) we obtain
∇a∇aλ2 = 2Rabξaξb + 4 (∇aλ) (∇aλ) . (2.7)
Now we wish to project Eq. (2.7) onto the spacelike hypersurfaces Σ. In order to
do this, we consider the usual projector ha
b or the induced metric hab over Σ
ha
b = δa
b + λ−2ξaξ
b ⇒ hab = gab + λ−2ξaξb. (2.8)
The Σ projection ω of any spacetime tensor Ω is given via the projector by
ωa1a2...
b1b2... = ha1
c1 . . . hb1d1 . . .Ωc1c2...
d1d2.... (2.9)
We also denote the induced connection over Σ by Da defined via the projector
ha
b : Da ≡ hab∇b. We define the action of the induced connection Da over Σ as [1],
Daωa1a2...
b1b2... = ha1
c1 . . . hb1d1 . . . ha
b∇bΩc1c2...d1d2.... (2.10)
It is easy to see that the above definition satisfies the Leibniz rule and Da is com-
patible with the induced metric hab. Then we have using Eq. (2.10)
Daλ = ha
b∇bλ = ∇aλ+ λ−2ξa (£ξλ) . (2.11)
But the Killing equation (2.2) implies £ξλ = 0 identically. So we have ∇aλ = Daλ.
Also, using Eq. (2.8) and £ξλ
2 = 0, we see that
∇a∇aλ2 = 1√−g∂a
[√−ggab∂bλ2] = 1
λ
√
h
∂a
[
λ
√
h
{
−λ−2ξaξb + hab
}
∂bλ
2
]
=
1
λ
√
h
∂a
[
λ
√
hhab∂bλ
2
]
=
1
λ
Da
(
λDaλ2
)
,
(2.12)
where g is determinant of the spacetime metric gab, h is the determinant of the
induced metric hab defined by Eq. (2.8) and h
ab is the inverse of hab. With all these,
we have the Σ-projection of Eq. (2.7)
Da
(
λDaλ2
)
= 2λ
[
Rabξ
aξb + 2 (Daλ) (D
aλ)
]
. (2.13)
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Now we wish to integrate this equation over the spacelike hypersurfaces Σ with the
horizon or horizons acting as a boundary. But before we go into that, it is worthwhile
to spend a few words about how we may perform the integration at the horizon where
λ = 0 and the induced metric hab defined by Eq. (2.8) becomes singular. It seems
that it is difficult to say without using any particular coordinate system, whether the
invariant λ (Daλ) (D
aλ) appearing in Eq. (2.13) remains bounded over the horizon.
In order to bypass this difficulty we multiply both sides of Eq. (2.13) by λn+1, where
n is an arbitrary positive integer. Now we integrate Eq. (2.13) by parts over the
spacelike hypersurfaces Σ to obtain
∮
∂Σ
λn+1Daλ
2dγ(2)a = 2
∫
Σ
[
λn+1Rabξ
aξb + (n + 2λ)λn (Daλ) (D
aλ)
]
, (2.14)
where the surface integral on the left hand side is calculated over the boundary of
Σ, i.e., over the horizon or horizons. The volume element dγ(2)a corresponds to the
‘closed’ and regular spacelike 2-surfaces located at the horizons.
As we have assumed, the spacetime has a closed outer boundary or cosmological
horizon, so that λ = 0 there. Hence, by choosing the integer n in Eq. (2.14) to be
sufficiently large and positive it may be guaranteed that each of the invariant terms
appearing in the right hand side of Eq. (2.14), including Rabξ
aξb remains bounded
as λ→ 0.
If we have a black hole present in the spacetime, the inner boundary is the black
hole event horizon, and we must also have λ = 0 there. Then the surface integrals
over the horizons in Eq. (2.14) vanish, and we finally get
∫
Σ
[
λn+1Rabξ
aξb + (n + 2λ)λn (Daλ) (D
aλ)
]
= 0. (2.15)
On the other hand, since we have assumed that there is no naked curvature singular-
ity anywhere in our region of interest, when any inner or black hole horizon is absent,
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we are free to shrink the inner boundary or surface of Eq. (2.14) to a non-singular
point or ‘centre’, where the inner surface integral gives zero. Thus Eq. (2.15) also
holds for non-singular spacetimes without a black hole.
The second term in Eq. (2.15) is a spacelike inner product and hence positive
definite over Σ, so we must have a negative contribution from the first term Rabξ
aξb.
In other words, the existence of an outer or cosmological Killing horizon implies
Rabξ
aξb < 0, (2.16)
at least over some portion of Σ, so that the integral in Eq. (2.15) vanishes. Using
the Einstein equations
Rab − 1
2
Rgab = 8πGTab, (2.17)
we see that the condition (2.16) implies that the strong energy condition (SEC)
must be violated by the energy-momentum tensor(
Tab − 1
2
Tgab
)
ξaξb < 0, (2.18)
at least over some portion of Σ. A positive cosmological constant Λ, appearing on
the right hand side of the Einstein equations (2.17) as 8πGTab ≡ −Λgab, violates
the SEC, because in that case(
Tab − 1
2
Tgab
)
ξaξb = − Λλ
2
8πG
≤ 0, (2.19)
where the equality holds only on the horizons. We now split the total energy-
momentum tensor Tab as
8πGTab = −Λgab + 8πGTNab, (2.20)
where the superscript ‘N’ denotes ‘normal’ matter fields satisfying the SEC. Then
Eq. (2.15) becomes∫
Σ
λn+1
[
XN +
(n+ 2λ)
λ
(Daλ)(D
aλ)− Λλ2
]
= 0, (2.21)
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where XN corresponds to TNab, i.e. the normal matter fields satisfying the SEC and
thus is a positive definite quantity. So for the cosmological horizon to exist, we must
have ∫
Σ
λn+1
[
XN − Λλ2
]
< 0. (2.22)
In other words, if there is to be an outer horizon, the positive cosmological constant
term has to dominate the integral. It is interesting to note that the observed values of
Λ and matter densities satisfying the SEC in the universe do satisfy this requirement
[3]. On the other hand, a universe endowed with a positive Λ and in which all matter
is restricted to a finite region in spacetime also satisfies this requirement. This has
relevance in discussions of late time behavior of de Sitter black holes formed by
collapse.
We provide here an example of a matter field other than positive Λ violating SEC
and hence may give rise to a cosmological event horizon. We consider a real scalar
field ψ in a double well potential
L = −1
2
(∇aψ)(∇aψ)− k
4
(
ψ2 − v2
)2
, (2.23)
where k and v are constants and k > 0. The energy-momentum tensor corresponding
to the scalar field is given by
Tab = ∇aψ∇bψ + gabL. (2.24)
The potential V (ψ) = k
4
(ψ2 − v2)2 has a maximum at ψ = 0, and two minima at
ψ = ±v. Now let us suppose a stationary configuration where ψ assumes a constant
value at the maximum of V (ψ). Then the energy-momentum tensor (2.24) becomes
Tab = −kv44 gab, which violates SEC since k is positive. In fact the Einstein-Hilbert
Lagrangian in that case is LEH =
(
R− kv4
4
)
, which gives the Schwarzschild-de Sitter
solution (1.24) with Λ = kv
4
8
.
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2.2. Stationary axisymmetric spacetimes
We now generalize the above result for the static spacetimes to stationary axisym-
metric spacetimes, in general rotating, which satisfy some additional geometric con-
straints. The basic scheme will be the same as before, i.e. to use the Killing identities
and to construct quadratic vanishing integrals over the spacelike hypersurface inside
the outer horizon.
We assume that the spacetime is endowed with two commuting Killing fields ξa,
and φa,
∇(aξb) = 0 = ∇(aφb) , (2.25)
[ξ, φ]a = £ξφ
a = −£φξa = ξb∇bφa − φb∇bξa = 0 . (2.26)
ξa is locally timelike with norm −λ2 and generates the stationarity. φa is a lo-
cally spacelike Killing field with closed orbits and norm f 2 and hence generates the
axisymmetry. We also assume that the vectors orthogonal to ξa and φa span in-
tegral 2-submanifolds. The existence of the two commuting Killing fields (ξa, φa)
and the integral 2-submanifolds orthogonal to them are the additional constraints
mentioned. We note that all known stationary axisymmetric spacetimes obey these
restrictions. Let us denote the basis vectors of this spacelike 2-submanifolds by
{µa, νa}, with µaνa = 0.
For a stationary spacetime, ξa is not orthogonal to φa, so in particular there is
no spacelike hypersurface both tangent to φa and orthogonal to ξa. Let us first
construct a family of spacelike hypersurfaces. We first define χa as
χa = ξa − 1
f 2
(
ξbφ
b
)
φa ≡ ξa + αφa, (2.27)
so that χaφ
a = 0 everywhere. We note that
χaχ
a = −β2 ≡ −
(
λ2 + α2f 2
)
, (2.28)
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i.e., χa is timelike when β
2 > 0. We also note that by construction χaµa =
0 = χaνa. Therefore we may now choose an orthogonal basis for the spacetime
as {χa, φa, µa, νa}. We also note that χa is not a Killing field,
£χgab = ∇(aχb) = φa∇bα + φb∇aα. (2.29)
Next we recall that the necessary and sufficient condition that an arbitrary subspace
of a manifold forms an integral submanifold or a hypersurface is the existence of a
Lie algebra of the basis vectors of that subspace (see e.g. [1] and references therein).
So our assumption that {µa, νa} span integral 2-submanifolds implies
[µ, ν]a = µb∇bνa − νb∇bµa = g1(x)µa + g2(x)νa, (2.30)
where g1(x) and g2(x) are arbitrary smooth functions. We contract Eq. (2.30) sep-
arately by ξa and φa, and use the fact that both these 1-forms are orthogonal to µ
a
and νa to find
µ[aνb]∇aξb = 0 = µ[aνb]∇aφb. (2.31)
This shows that ∇[aξb] or ∇[aφb] can be expanded as
∇[aξb] = ω1[aξb] + ω2[aφb], ∇[aφb] = ω3[aξb] + ω4[aφb], (2.32)
where the ω’s are arbitrary 1-forms. Clearly, Eq.s (2.32) guarantee that Eq.s (2.31)
hold identically. Multiplying by ξaφb and antisymmetrizing, we see that Eq.s (2.32)
are equivalent to
ξ[aφb∇cφd] = 0 = φ[aξb∇cξd]. (2.33)
Using now the definition of χa given in Eq. (2.27) we obtain from Eq.s (2.33) the
following conditions for the existence of the 2-submanifolds
χ[aφb∇cφd] = 0 , (2.34)
φ[aχb∇cχd] = 0 . (2.35)
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We now expand Eq. (2.35), use Eq. (2.29), and contract by χbφa to obtain
f 2
[
β2∇[dχc] + 2βχ[d∇c]β
]
+ β2 [φc(£φχd)− φd(£φχc)] = 0. (2.36)
But the commutativity of the two Killing fields [ξ, φ]a = 0 gives
£φχ
a = £φ (ξ
a + αφa) = (£φα)φ
a = −
{
£φ
(
ξ · φ
φ2
)}
φa = 0. (2.37)
So, £φχa = (£φχ
b)gab+χ
b(£φgab) = 0. Thus we obtain from Eq. (2.36) the following
∇[aχb] = 2β−1 (χb∇aβ − χa∇bβ) , (2.38)
which shows that χa satisfies the Frobenius condition,
χ[a∇bχc] = 0. (2.39)
So there exists a family of spacelike hypersurfaces Σ orthogonal to χa, spanned by
{φa, µa, νa}. However we should note that unlike in the case of the static spacetime,
χa is not a Killing vector field here, Eq. (2.29).
Since the timelike Killing vector field ξa is not hypersurface orthogonal for the
present case, ξaξa = −λ2 = 0 does not define the horizon of the spacetime. In fact in
all the known cases of the stationary axisymmetric black hole spacetimes the horizon
is located inside a λ2 = 0 surface, i.e. the ergosphere. Within the ergosphere ξa
becomes spacelike and the region between the ergosphere and the horizon is known as
the ergoregion. Since there is no timelike Killing vector field within the ergoregion,
no observer can be stationary in this region. For many interesting effects due to
the ergosphere, including superradiant scattering, we refer our reader to [1, 16] and
references therein. So, let us now define the horizons of such spacetimes.
We will show below that any ‘closed’ surface H orthogonal to χa, on which χa
is null (i.e., β2 = 0), is a Killing horizon of a stationary axisymmetric spacetime.
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We note here that since χa is null over H, it is evident that H is a null surface of
dimension three. In order to show that H is a Killing horizon, we will construct a
congruence of null geodesics over H and consider the Raychaudhuri equation. But
before we do that we need to construct null geodesics over H explicitly.
To construct this, we first note that the normal to the β2 = 0 surface is ∇aβ2.
Also since the vector field χa is hypersurface orthogonal, Eq. (2.39), we may take
the following ansatz for it [15] on the β2 = 0 surface
χa = e
ρ∇au, (2.40)
where ρ and u are differentiable functions on that surface. This ansatz satisfies the
Frobenius condition, Eq. (2.39), identically.
Using Eq. (2.40) and the torsion free condition ∇[a∇b]u = 0, we now compute
∇[aχb] = χ[b∇a]ρ, (2.41)
which can be rewritten as
2∇aχb = χ[b∇a]ρ+ φ(a∇b)α, (2.42)
using Eq. (2.29). We contract this equation by χb. We note that by the commuta-
tivity of the two Killing fields
£χα = £ξα + α£φα = −£ξ
{
ξ · φ
φ · φ
}
− α£φ
{
ξ · φ
φ · φ
}
= 0, (2.43)
identically. This, along with the orthogonality χaφ
a = 0 give over any β2 = 0 surface
H,
2χb∇aχb = ∇a
(
χbχ
b
)
= −∇aβ2 = −2κχa, (2.44)
where κ := −1
2
£χρ is a function over H. Since χa is null over H, Eq. (2.44) shows
that the 1-form ∇aβ2, which is normal to the β2 = 0 surface H, is also null on that
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surface and linearly dependent with χa. We also note that since ∇aβ2 satisfies the
Frobenius condition of hypersurface orthogonality, the 3-dimensional null surface H
is a hypersurface.
Now we take the Lie derivative of Eq. (2.44) with respect to χa,
χa∇a∇bβ2 +∇aβ2(∇bχa) = −2(£χκ)χb − 2κ(£χgab)χa. (2.45)
Let us first consider the left hand side of the above equation. We rewrite this as
χa∇a∇bβ2 +∇aβ2(∇bχa) = ∇[a∇b]β2 +∇b
(
£χβ
2
)
. (2.46)
The first term on the right hand side of Eq. (2.46) is zero by the torsion free condition.
On the other hand, using Eq. (2.29) and the orthogonality of χa and φa, we have
£χβ
2 = −χaχb£χgab = −χaχb
(
φ(a∇b)α
)
= 0 (2.47)
identically, so that the left hand side of Eq. (2.45) vanishes. Let us now consider
the right hand side of Eq. (2.45). We have using Eq. (2.29)
(£χgab)χ
a = (φa∇bα + φb∇aα)χa = 0, (2.48)
where we have used the orthogonality of χa and φa and the fact that £χα = 0. So
Eq. (2.45) gives
£χκ = 0, (2.49)
over H.
Let us now define a null geodesic ka over the β2 = 0 surface H in the following
way [1]. Let ka := e−κτχa, so that kaka = 0, where τ is the parameter along χa,
defined so that χa∇aτ = 1. Then we have
ka∇akb = e−2κτ [χa∇aχb − χb£χ(κτ)]
= e−2κτ
[
χa(−∇bχa + φ(a∇b)α)− κχb(£χτ)
]
= 0, (2.50)
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using Eq.s (2.29), (2.49), (2.44), (2.43) along with the orthogonality χaφa = 0. We
know that a null vector field can be thought of as orthogonal to itself since it has
vanishing norm. Thus χa is tangent to H as well. Then since ka is proportional to
χa, Eq. (2.50) says that it is a null geodesic over H.
Now we are ready to consider the Raychaudhuri equation for the null geodesics
{ka} [1, 4] over H,
dθ
ds
= −1
2
θ2 − σˆabσˆab + ωˆabωˆab −Rabkakb, (2.51)
where s is an affine parameter along a geodesic, θ, σˆab and ωˆab are respectively the
expansion, shear and rotation of the geodesics over H
θ = hˆab∇̂akb, σˆab = ̂∇(akb) − 1
2
θhˆab, ωˆab = ∇̂[akb]. (2.52)
The ‘hat’ over the tensors denotes that they are defined on a spacelike 2-plane
orthogonal to ka and hˆab is the induced metric on this plane. Since H is a 3-
dimensional surface, it is clear that the spacelike 2-plane is a subspace of H.
In order to solve the Raychaudhuri equation (2.51), we first have to determine θ,
σˆab and ωˆab for our spacetime. Using the definition of the null geodesic k
a and using
Eq.s (2.29) and (2.39) we compute over H,
k[a∇b]kc = e−2κτ
[
1
2
χ(aφb∇c)α− χc∇aχb − χbφa∇cα− χbφc∇aα− χcχ[a∇b] (κτ)
]
.
(2.53)
Let us choose the basis of the spacelike 2-plane tangent toH as φa and someXa, with
φaX
a = 0. The appearance of φa as a basis vector of these 2-planes is guaranteed
due to fact that H is by definition a ‘closed’ surface. The induced metric hˆab over
this spacelike 2-plane is given by
hˆab = f
−2φaφb +X
−2XaXb, (2.54)
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where X2 is the norm of Xa.
We are now ready to compute (θ, ωˆab, σˆab) given in Eq. (2.52). Let us first contract
Eq. (2.53) by the inverse induced metric hˆab = f−2φaφb + X−2XaXb. We recall
that the commutativity of the two Killing fields implies that £φα = 0 everywhere,
Eq. (2.37). We also use the orthogonality of (φa, χa) and (Xa, χa) to obtain
ka(f
−2φbφc +X−2XbXc)∇bkc = 0, (2.55)
which shows that the expansion θ given in Eq. (2.52) vanishes. Similarly, by con-
tracting Eq. (2.53) by φ[bXc], we find
kaφ
[bXc]∇bkc = 0, (2.56)
which shows that the components of the rotation ωˆab also vanish. However if we
contract Eq. (2.53) by φ(bXc), we see that the components of the shear σˆab does not
vanish
kaφ
(bXc)∇bkc = 1
2
e−κτφ(bXc)φc (∇bα) ka. (2.57)
Eq. (2.57) and Eq. (2.52) give
σˆab = ̂∇(akb) = 1
2
e−κτφ(a∇̂b)α, (2.58)
where we have used θ = 0. With these and using Einstein’s equations, Eq. (2.51)
over H becomes
8πG
[
Tab − 1
2
Tgab
]
kakb = −1
2
e−2κτf 2
(
∇̂aα
) (
∇̂aα
)
. (2.59)
According to our assumption, there is no naked curvature singularity anywhere in
our region of interest. So the invariants constructed from the energy-momentum
tensor must be bounded everywhere. Also since ka is null over H, this implies that
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the second term on the left hand side of Eq. (2.59) is zero. Since the inner product
on the right hand side of Eq. (2.59) is spacelike, we finally find that the null energy
condition is violated over H
Tabk
akb
∣∣∣H ≤ 0⇒ Tabχaχb∣∣∣H ≤ 0. (2.60)
Since χa is timelike outside H, this also implies by continuity, the violation of the
weak energy condition (WEC) outside H. But by our assumption we are not vio-
lating WEC, so we have a contradiction unless
(
∇̂aα
) (
∇̂aα
)
= 0, (2.61)
over the spacelike section of H. On the other hand, we recall that since χa is a null
normal to H, it is also tangent to it. This, along with Eq.s (2.61), (2.43) imply that
α is indeed a constant over any 3-dimensional β2 = 0 surface H. Thus when β2 = 0,
the vector field χa = ξa + αφa coincides with a Killing field and hence the horizon
or horizons we have defined are Killing horizons. This is actually an old result [87],
which we have rederived using a different method.
After this necessary digression, we are now ready to find the existence criterion
for the cosmological horizon. Using the Killing identities ∇a∇aξb = −Rbaξa, and
∇a∇aφb = −Rbaφa, and also the orthogonality χaφa = 0, we obtain
χb∇a∇aχb = −Rabχaχb + 2χa (∇cφa) (∇cα) , (2.62)
which is equivalent to
∇a∇aβ2 = 2Rabχaχb − 2 (∇cχa) (∇cχa)− 4χa (∇cφa) (∇cα) . (2.63)
In order to simplify Eq. (2.63) in terms of the norms and derivatives of the norms
of various vector fields, we have to find the expressions for ∇aχb and ∇aφb. We find
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easily from Eq. (2.29) and the Frobenius condition (2.39) that,
∇aχb = β−1χ[b∇a]β + 1
2
φ(a∇b)α. (2.64)
Next we note that the subspace spanned by {χa, µa, νa} do not form a hypersur-
face. This is because, as we have mentioned earlier, the necessary and sufficient
condition that an arbitrary subspace of a manifold forms an integral submanifold or
a hypersurface is the existence of a Lie algebra of the basis vectors of that subspace.
The condition in Eq. (2.39) followed from this. On the other hand, Lie brackets
among {χa, µa, νa} do not close. For example,
[χ, µ]a = [ξ, µ]a + α[φ, µ]a + φa
(
µb∇bα
)
. (2.65)
Since µa is not a Killing field, the last term on the right hand side of Eq. (2.65)
is not zero. A similar argument holds for νa also. Therefore the vectors spanned
by {χa, µa, νa} do not form a Lie algebra. This implies that we cannot write a
Frobenius condition like φ[a∇bφc] = 0.
However, according to our assumptions, there are integral spacelike 2-submanifolds
orthogonal to both χa and φa. These are spanned by {µa, νa} which form a Lie alge-
bra, Eq. (2.30). We project Eq. (2.30) over Σ via the projector ha
b = δa
b+β−2χaχb,
use the orthogonalities χaµa = 0 = χ
aνa and the fact that for the spacelike vector
fields µa and νa,
habµ
b = µa, habν
b = νa, (2.66)
to obtain
(
µb∇bνa − νb∇bµa
)
=
(
µbDbν
a − νbDbµa
)
= g1(x)µ
a + g2(x)ν
a, (2.67)
where Da is the induced connection over Σ : Da ≡ hab∇b. The action of hab and Da
can be defined exactly in the same way as what we did for the static spacetime. We
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contract Eq. (2.67) with φa. Then the arguments similar to which gave Eq.s (2.31),
(2.32) now yield over Σ
µaνbD[aφb] = 0⇒ D[aφb] = ρ[aφb], (2.68)
where ρa is an arbitrary 1-form over Σ. Antisymmetrizing with φc, we obtain a
Frobenius-like condition over Σ :
φ[aDbφc] = 0. (2.69)
Precisely, the above equation shows a foliation of Σ into the family of spacelike
2-submanifolds spanned by {µa, νa}, orthogonal to φa. We now compute
Daφb = ha
chb
d∇cφd = ∇aφb + β−2 (χaφc∇bχc − χbφc∇aχc) . (2.70)
Using the expression of ∇aχb given in Eq. (2.64), we can rewrite this as
Daφb = ∇aφb + f
2
2β2
χ[a∇b]α. (2.71)
It follows from Eq. (2.71) that we can write the Killing equation for φa over Σ as
Daφb +Dbφa = 0. (2.72)
Using this equation and the Frobenius-like condition of Eq. (2.69) we find that
Daφb = f
−1 (φbDaf − φaDbf) . (2.73)
Finally, substituting this expression into Eq. (2.71) we arrive at the following
∇aφb = 1
f
φ[bDa]f +
f 2
2β2
χ[b∇a]α. (2.74)
These are all that is needed to simplify Eq. (2.63). We Substitute Eq.s (2.64), (2.74)
into Eq. (2.63), note that £φα = 0 = £χα (Eq.s (2.37), (2.43)), χ
aDaf = 0 since
Daf is spacelike, and also the orthogonality χ
aφa = 0, to find
∇a∇aβ2 = 2Rabχaχb + 4 (∇aβ) (∇aβ) + f 2 (∇aα) (∇aα) . (2.75)
53
2. On the existence of cosmological event horizons
Eq.s (2.47) and (2.43) also imply that ∇aβ = Daβ and ∇aα = Daα. With this,
using the same line of arguments as for Eq. (2.21), we get
∫
Σ
βn+1
[
XN +
(n + 2β)
β
(Daβ) (D
aβ) +
f 2
2
(Daα) (D
aα)− Λβ2
]
= 0, (2.76)
if the spacetime has an outer or cosmological Killing horizon. If we set α = 0, we
recover the static case of Eq. (2.21).
XN = 0 in Eq. (2.76), corresponds to the Kerr-de Sitter solution [11]. If XN
corresponds to the Maxwell field, Eq. (2.76) corresponds to the Kerr-Newman-de
Sitter solution [11]. We note that the assumption of the existence of integral 2-
submanifolds orthogonal to both the Killing fields ξa and φa was crucial to this proof.
For a completely general stationary axisymmetric spacetime such submanifolds may
not exist, and thus the existence of an outer horizon is not guaranteed in such cases,
even for Λ > 0.
We now summarize the results obtained in this Chapter as follows. For general
static or stationary axisymmetric spacetimes, an outer or cosmological Killing hori-
zon exists only if Rabn
anb < 0 for a hypersurface orthogonal timelike na, at least
over some portion of the region of interest of the manifold. This implies the viola-
tion of the strong energy condition by the matter fields. The violation of the SEC
can be achieved either through a positive Λ, for which there is strong observational
evidence [6, 7], or through some exotic matter.
Now we consider the Raychaudhuri equation for the timelike geodesics {ua : ua∇aub =
0, uaua = −1} [1, 4],
dθ
ds
= −1
3
θ2 − σabσab + ωabωab − Rabuaub. (2.77)
As before, θ, σab and ωab are respectively the expansion, shear and rotation for the
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timelike geodesics given by
θ = hab∇aub, σab = ∇(aub) − 1
3
θhab, ωab = ∇[aub], (2.78)
where hab is the inverse of the induced metric hab = gab+uaub over a spacelike 3-plane
orthogonal to {ua}. If in addition we assume that those 3-planes are hypersurfaces,
we have the Frobenius condition u[a∇buc] = 0, contracting which by ua we find
∇[buc] = ωbc = 0. (2.79)
We also note from Eq. (2.78) that σab is spacelike,
uaσab = 0 = u
bσab, (2.80)
so that the second term on the right hand side of Eq. (2.77) is non-negative. By
Einstein’s equations (2.18) we have Rabu
aub = 8πG
(
Tab − 12Tgab
)
uaub. We can as
before split Tab into two parts, one satisfying SEC and the other violating it, having
contributions of opposite signs in Eq. (2.77). We denote them by XN and −XAN
respectively with XN, XAN ≥ 0. Putting in these all together we find that Eq. (2.77)
implies
dθ
ds
+
1
3
θ2 +XN −XAN ≤ 0. (2.81)
We consider first XAN = 0, then we have always
dθ
ds
≤ 0. In other words the
geodesics will either remain parallel or converge with increasing s. On the other
hand Eq. (2.81) shows that the inclusion of XAN (due to a positive Λ for example)
would decrease the convergence rate, even
dθ
ds
may be positive. Thus a positive Λ
repels geodesics. We will demonstrate this repulsive effect explicitly in Chapter 4.
An interesting question in this context which we have not tried to answer is : how
does an outer or cosmological horizon form? More precisely, we know that attractive
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gravity or collapse can form the black hole event horizon; similarly, can the repelled
outgoing geodesics form an outer horizon? Can we suggest a clear mechanism for
forming such outer horizons? This may have relevance in the discussion of non-
stationary spacetimes with outer horizons or particle creation in such spacetimes.
Finally we emphasize that the existence of an outer horizon implies that positive
Λ must dominate the integrals in Eq.s (2.21), (2.76). Since observations suggest that
Λ is significantly larger than the normal matter density of our universe [3], it is very
likely that our universe is indeed endowed with an outer boundary. This motivates
us to further study spacetimes with outer horizons.
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In the following we will use the geometrical setup and results derived in the previous
Chapter to prove no hair theorems for black holes in a de Sitter universe. We have
already reviewed this topic in Section 1.3. As we have mentioned earlier, a lot
of effort to prove these theorems corresponding to various matter fields have been
given for asymptotically flat spacetimes [20, 21, 22]. On the other hand, Price’s
theorem [23], a perturbative no hair theorem stating that only static solutions to
massless wave equations with spin s = 0,
1
2
, 1,
3
2
, 2 for a spherically symmetric
black hole background have an angular momentum less than s, was proved for
Λ > 0 some years ago [24]. But no non-perturbative version of this theorem about
the existence of static or stationary matter fields has been established for spacetimes
with a positive Λ. In this Chapter we will establish classical no hair theorems for
various matter fields in such spacetimes.
We will consider two kind of spacetimes − one static and spherically symmetric
and the other is stationary and axisymmetric. However, we will see later that the
assumption of spherical symmetry is not required for most of the proofs for the static
spacetime.
We will use the geometrical setup developed in the previous Chapter to carry out
these proofs. We consider only the region between the black hole horizon and the
cosmological horizon, and hence ignore the asymptotic behavior of both the metric
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and matter fields. We will see that except for the stationary axisymmetric space-
times, we do not have to explicitly use any equations for the metric like Einstein’s
equations at all, beyond assuming the existence of a cosmological horizon. We find
that it is possible to extend most of the well known no hair theorems to black holes
in a universe with Λ > 0 . We also find one clear exception, that of the Abelian
Higgs model, which indeed shows that the existence of the outer boundary, i.e. the
cosmological horizon may even change the local physics considerably.
3.1. No hair theorems for static spacetimes
Let us start with a static and spherically symmetric spacetime. By a static black
hole spacetime with Λ > 0 we will mean a spacetime with two Killing horizons,
between which there is a timelike Killing vector field ξa orthogonal to a family of
spacelike hypersurfaces Σ. So ξa satisfies the Frobenius condition of hypersurface
orthogonality stated in Eq. (2.3). By spherical symmetry we mean that the space-
time can be foliated by 2-spheres. The norm λ2(r) = −ξaξa vanishes at two values
rH < rC of r , which is a suitable radial coordinate. We will call rH and rC the black
hole and the cosmological horizon respectively. The spacetime manifold is divided
into three regions. The region r < rH is the black hole region and may contain a
spacetime curvature singularity. The points of this region do not lie to the past of
Σ, for which rH < r < rC, while the points of Σ do not lie to the future of the
region r > rC (see the discussions of Chapter 1). We will not be concerned with the
world beyond the cosmological horizon r > rC, or the world inside the black hole
horizon r < rH. So the asymptotic behavior of the metric or matter fields will not
be relevant to our computations. In particular, apart from the assumption of the
existence of the outer or the cosmological horizon, we do not assume the metric to
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be asymptotically de Sitter or Schwarzschild-de Sitter. The region of our interest is
rH ≤ r ≤ rC and we assume that there is no naked curvature singularity anywhere
in this region.
The various no hair theorems will be taken to be statements about the corre-
sponding classical fields on the spacelike hypersurfaces Σ between the two horizons.
We will not not look for explicit solutions of matter or Einstein’s equations, but will
only prove general statements about their existence.
Since we have assumed that there is no curvature singularity in the region rH ≤
r ≤ rC, and since curvature is related to the energy-momentum tensor, the scalar
invariants constructed out of the energy-momentum tensor are bounded everywhere
in this region.
Let X be a Killing field of the spacetime, then £Xgab = 0. Then, since the
curvature tensors are computed from the metric functions, we have £XRab = 0 =
£XR. So the Einstein equations show £XTab = 0. A matter field which appears in
the energy-momentum tensor is a physical matter field. Since we will not neglect
backreaction, we assume that any physical matter field also obeys the symmetry
of the spacetime itself, because otherwise the energy-momentum tensor may itself
destroy that symmetry. So if Y is any physical matter field or a component of it,
we will impose
£XY = 0. (3.1)
We note that the above arguments does not hold if Y is a gauge field.
Our main goal in order to prove the no hair theorems will be to project any matter
equation of motion onto the spacelike hypersurfaces Σ and to construct vanishing
positive definite quadratic volume integrals. In order to do this we will use the
induced metric or the projector ha
b described in the previous Chapter.
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3.1.1. Scalar field
We start with a real scalar field ψ moving in a potential V (ψ),
L = −1
2
∇aψ∇aψ − V (ψ), (3.2)
where any mass term is included in V (ψ). The equation of motion for ψ is
∇a∇aψ = V ′(ψ), (3.3)
where the ‘prime’ denotes differentiation with respect to ψ. We will now project
Eq. (3.3) onto the spacelike hypersurfaces Σ. We note that since a non-vanishing
V (ψ) enters into the energy-momentum tensor which has a backreaction, we have
£ξψ = 0 everywhere (Eq. (3.1)). Then exactly the same procedure which led to
Eq. (2.13) now yields the Σ-projection of Eq. (3.3),
Da(λD
aψ) = λV ′(ψ), (3.4)
where Da is the induced connection over Σ as defined in the previous Chapter. We
now multiply both sides of Eq. (3.4) by V ′(ψ) and integrate by parts over Σ to
obtain ∫
∂Σ
λV ′(ψ)naDaψ +
∫
Σ
λ
[
V ′′(ψ) (Daψ) (Daψ) + V
′2(ψ)
]
= 0, (3.5)
where ∂Σ corresponds to the boundary of Σ, which is the union of the black hole
and the cosmological horizon where λ(r) = 0. Since we have assumed the spacetime
to be spherically symmetric, it is clear that ∂Σ are two 2-spheres of radius rH and rC
located at the respective horizons. na is the Σ-ward pointing spacelike unit normal
to these 2-spheres. Since (Daψ)(Daψ) appears in the energy-momentum tensor Tab,
it must be bounded over the two horizons. We then use
(
Daψ − nanbDbψ
)2 ≥ 0 to
have the Schwarz inequality
|naDaψ|2 ≤ (Daψ) (Daψ) . (3.6)
60
3. Black hole no hair theorems
For generic V (ψ), the boundedness of invariants of Tab over ∂Σ or the horizons
implies that ψ must also be bounded there. Also Eq. (3.6) shows that naDaψ is
bounded over the horizons. Thus it follows that the integral on ∂Σ in Eq. (3.5)
vanishes leaving us only with the vanishing volume integral
∫
Σ
λ
[
V ′′(ψ) (Daψ) (Daψ) + V
′2(ψ)
]
= 0 . (3.7)
Since Σ is spacelike and Da is the induced connection over it, (Daψ) (D
aψ) is a
spacelike inner product i.e., non-negative. So if V (ψ) is convex i.e., if V ′′(ψ) ≥ 0 for
all values of ψ, Eq. (3.7) shows that ψ is a constant at its minimum everywhere on Σ ,
which is the no hair result. Since we have £ξψ = 0 everywhere, ψ remains constant
throughout the spacetime. For V (ψ) = 0, we can multiply the field equation over Σ
by ψ and insist that ψ be measurable at the horizons, and the no hair result follows.
The proof in general does not apply to a non-convex V (ψ). For example, a real
scalar field in the double well potential V (ψ) =
α
4
(ψ2 − v2)2 can have a non-trivial
static solution in Σ which may be unstable [25]. Another interesting and not so
obvious case is that of the conformal scalar with V (ψ) =
1
12
Rψ2. The part of the
action containing ψ is invariant under local conformal transformations ψ → ω2(x)ψ.
Then it turns out that the conservation equation ∇aT ab = 0 is also conformally
invariant with T = Tabg
ab = 0 [1]. So by appropriately choosing the conformal
factor of the transformation we can make ψ or naDaψ diverge at ∂Σ in Eq (3.5)
without causing a curvature singularity. Then the ∂Σ integral can be non-zero,
which allows a non-trivial configuration of ψ on Σ. In fact a static spherically
symmetric solution with conformal scalar hair with Λ > 0 is known [26]. The proof
also will not apply to scalars with a kinetic term of the wrong sign, as in phantom
models of dark energy [88]. Of course, in such models a static black hole may not
form in the first place, and a statement of no hair theorems may not be possible.
61
3. Black hole no hair theorems
3.1.2. Massive vector field
Let us now consider the Proca-massive vector field Ab with the Lagrangian
L = −1
4
FabF
ab − 1
2
m2AbA
b , (3.8)
where Fab = ∇[aAb]. The equation of motion for Ab is
∇aF ab = m2Ab. (3.9)
Let us define the potential ψ and the electric field ea as
ψ := λ−1ξaA
a ea := λ−1ξbF
ab. (3.10)
Using these definitions we compute the following
λea = ξ
bFab = ∇a
(
ξbAb
)
−
{
(∇aξb)Ab + ξb∇bAa
}
= ∇a(λψ)−£ξAa. (3.11)
We now project Eq. (3.11) onto Σ via the projector ha
b = δa
b + λ−2ξaξb. First we
note from the definition (3.10) that ξaea = 0 identically, i.e. the electric field e
a is
spacelike. Also Ab is a physical matter field which appears in the energy-momentum
tensor, so by Eq. (3.1) we have £ξAb = 0. Thus the first of the definitions (3.10)
gives us £ξ(λψ) = 0 and we have
Da(λψ) = ha
b∇b(λψ) = ∇a(λψ) + λ−2ξa(£ξ(λψ)) = ∇a(λψ). (3.12)
Thus the Σ projection of Eq. (3.11) reads
Da(λψ) = λea. (3.13)
Also from the definition of the electric field ea given in (3.10) we compute
∇a (λea) = (∇aξb)F ab + ξb
(
∇aF ab
)
= (∇aξb)F ab +m2λψ, (3.14)
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using Eq. (3.9). Substituting the expression for ∇aξb from Eq. (2.6) into Eq. (3.14),
we obtain
∇a (λea) = λ−1 (ξb∇aλ− ξa∇bλ)F ab +m2λψ = 2ea∇aλ+m2λψ, (3.15)
which we rewrite as
∇aea = λ−1ea∇aλ+m2ψ. (3.16)
Now we project this equation onto Σ using the projector ha
b. We find, using
Eq. (2.10),
Dae
a = hab∇aeb = ∇aea + λ−2ξbξa∇aeb. (3.17)
Let us look at the second term of Eq. (3.17). Using the orthogonality ξae
a = 0, we
rewrite this term as
λ−2ξbξ
a∇aeb = −λ−2ξaeb∇aξb = −λ−1ea∇aλ, (3.18)
where we have once again used the expression for ∇aξb from Eq. (2.6). Combining
Eq.s (3.16), (3.17) and (3.18), we have the equation for ea over Σ,
Dae
a −m2ψ = 0 . (3.19)
Multiplying both sides of this equation by λψ, using Eq. (3.13) and integrating by
parts over Σ, we find
∫
∂Σ
λψeana +
∫
Σ
λ
[
eae
a +m2ψ2
]
= 0, (3.20)
where ∂Σ denote two 2-spheres located at the two horizons and na is the Σ-ward unit
normal to ∂Σ as before. Since both ψ2 and eae
a appear in the energy-momentum
tensor, ψ must be finite and by the Schwarz inequality eana is finite making the ∂Σ
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integrals vanishing as before. On the other hand, since ea is spacelike, the integrand
in Eq. (3.20) is positive definite. This implies that ψ = 0 = ea on Σ. Also the
vanishing Lie derivatives £ξψ = 0 = £ξea of the physical fields imply that they are
zero throughout the spacetime. So this shows that the black hole does not carry
any electric charge corresponding to the Proca-massive vector field.
We note that the above arguments for vanishing of the electric charge does not
hold for the Maxwell field, m = 0 in Eq. (3.8), for the following reason. For m = 0,
the Lagrangian (3.8) has a gauge symmetry under the local gauge transformation
A → A + dχ(x), where χ(x) is any arbitrary differentiable function. This means
that for m = 0, the vector potential Ab is not a physical quantity. In that case
we cannot take £ξAb = 0 in Eq. (3.11), because we can always make a local gauge
transformation to make Ab non-static. Thus the integral (3.20) will then carry a
term containing £ξAb which may be positive or negative and the above arguments
cannot be used there.
Let us now investigate the behaviour of the spacelike components of the vector
field Ab. We multiply Eq. (3.9) by the projector ha
b to write
λhbc∇aF ac = m2λab, (3.21)
where ab is the Σ-projection of Ab : ab = hbaA
a. We wish to relate Eq. (3.21) to the
induced connection Da and the projected or the ‘magnetic’ field tensor fab on Σ,
fab := h
c
ah
d
bFcd = D[aab]. (3.22)
In order to do this, we consider the 3-divergence Da
(
λfab
)
. Using Eq. (2.10) we
have
Da
(
λfab
)
= hbeh
f
a∇f (λF ae)
= hbe∇a (λF ae) + λ−2hbeξaξf∇f (λF ae) . (3.23)
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The Killing equation for ξa imply £ξλ = 0. Also since Fab appears in the energy-
momentum tensor we have by Eq. (3.1),
£ξF
ab = 0 = ξc∇cF ab − F ac∇cξb − F cb∇cξa. (3.24)
Then Eq. (3.23) becomes
Da
(
λfab
)
= λhbe∇aF ae + hbeF ae∇aλ+ λ−1ξahbe [F ce∇cξa + F ac∇cξe] . (3.25)
Substituting the expression for ∇aξb from Eq. (2.6) into Eq. (3.25), and using
Eq. (3.10), we find
Da
(
λfab
)
= λhbe∇aF ae + λ−1ξahbe
[
e[e∇a]λ+ λ−1F ac (∇cλ) ξe
]
= λhbe∇aF ae,
(3.26)
where we have used £ξλ = 0, ξ
aea = 0 and ξah
a
b = 0. Comparing Eq.s (3.26) and
(3.21) we finally arrive at the equation of motion for the magnetic field,
Da
(
λfab
)
−m2λab = 0. (3.27)
In a coordinate dependent language, Eq. (3.27) simply says that a 4-divergence
should become a 3-divergence for time independent field. Multiplying both sides of
this equation by ab, using Eq. (3.22) for the projected tensor fab and integrating by
parts over Σ, we obtain∫
∂Σ
λabf
abna +
∫
Σ
λ
(
1
2
(fab)2 +m2(ab)2
)
= 0 . (3.28)
Since both ab and fab appear in Tab, these must be regular, which ensures that the
∂Σ integrals vanish as before. On the other hand both ab and fab are spacelike,
which means that the second integral is over a sum of squares. So ab = 0 = fab on
Σ. This along with the fact that the Lie derivatives of ab and fab vanish along ξa is
the desired no hair result.
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As we have mentioned earlier, the no hair result does not hold for the massless
case due to the local gauge symmetry of the Lagrangian. In fact the generalization
of the Reissner-No¨rdstrom solutions with a positive cosmological constant is known
and is given by Eq. (1.27).
There are two gauge-invariant Lagrangians which describe a massive Abelian
gauge field. The no hair conjecture fails for both of these cases in the presence
of a positive Λ, as we will see below.
3.1.3. The B ∧ F theory
The first mechanism we consider is described by the Lagrangian
L = −1
4
FabF
ab − 1
12
HabcH
abc +
m
4
ǫabcdBabFcd, (3.29)
where Bab is an antisymmetric tensor potential and Habc = (∇aBbc + cyclic) is its
field strength, and Fab = ∇[aAb] is the Maxwell field tensor. In addition to the local
gauge symmetry of the Maxwell field, the above Lagrangian is also invariant under
the gauge transformation B → B + dω(x), where ω(x) is an arbitrary differentiable
1-form.
This system describes equally well either a massive vector or a massive antisym-
metric tensor field. A static, spherically symmetric, asymptotically flat black hole
can carry a topological charge corresponding to the B field, with both Fab and Habc
vanishing everywhere outside the black hole horizon [89, 90]. We wish to show below
that a similar solution exists in presence of a cosmological horizon as well.
Let us first derive the equations of motion for Ab and Bab
∇aF ab = −m
6
ǫbcdeHcde , (3.30)
∇cHabc = −m
2
ǫabcdFcd . (3.31)
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We define for our convenience the Hodge dual Ha of the 3-form Habc by
Ha :=
1
6
ǫabcdHbcd. (3.32)
In terms of the dual field Ha, the equations of motion (3.30) and (3.31) become
∇aF ab = −mHb , (3.33)
∇[aHb] = −mFab . (3.34)
Let fab and ha be the Σ-projections of Fab and Ha respectively defined via the
projector ha
b
fab = ha
chb
dFcd = D[aab], ha = ha
bHb, (3.35)
where ab is the Σ projection of the gauge field Ab : ab = hb
aAa. Then following
exactly the same method which led to Eq. (3.27), we now obtain the following
‘magnetic equations’ :
Db(λf
ab) = λmha , D[ahb] = −mfab . (3.36)
Let us also define ea = λ−1ξbF ab and ψ = λ−1ξaHa , to find the ‘electric equations’
as before
Dae
a = −mψ , Da(λψ) = −λmea +£ξHa = −λmea, (3.37)
where since Ha is a physical matter field, we have set £ξHa = 0.
Multiplying the first of Eq.s (3.36) by ha, integrating by parts over Σ and using
the second of the Eq.s (3.36), we obtain∫
∂Σ
λfabhanb +
∫
Σ
mλ
(
1
2
fabfab + h
aha
)
= 0. (3.38)
Similarly, multiplying the first of Eq.s (3.37) by λψ, integrating by parts over Σ and
using the second of Eq.s (3.37), we obtain∫
∂Σ
λψean
a +
∫
Σ
mλ
(
eae
a + ψ2
)
= 0. (3.39)
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Since fab, ha, ψ and e
a appearing in Eq.s (3.38) and (3.39) are physical matter fields,
the surface integrals contribute nothing, by the same arguments presented earlier.
So it follows that all components of the field strengths Hµνρ and Fµν vanish on Σ
and hence over the entire region of our interest of the spacetime by staticity. The
solution for the Einstein equations is then the Schwarzschild-de Sitter spacetime,
with an arbitrary topological charge q corresponding to the gauge symmetry of the
B-field, whose non-vanishing component due to the spherical symmetry is
Bθφ =
q
4πr2
. (3.40)
This charge should be measurable via a stringy Bohm-Aharanov effect because the 2-
form potential B should couple to the world sheet field Xab of a moving string. So by
performing an interference experiment one should be able to find out the topological
charge q. For asymptotically flat spacetimes this effect has been described in [90].
We note here that the free Abelian 2-form, i.e. m = 0 in Eq. (3.29), will leave the
same kind of charge on the black hole, the proof of H = 0 on Σ proceeds in a similar
fashion for that theory.
3.1.4. The Abelian Higgs model
The other case for which the no hair conjecture fails with a positive Λ is the Abelian
Higgs model. In the absence of cosmological constant, a static spherically symmetric
black hole does not carry electric or magnetic charge if the gauge field becomes
massive via the Higgs mechanism [21, 22]. However, as we shall see below, the
presence of a positive cosmological constant or the cosmological horizon allows a
charged black hole solution sitting in the false vacuum of the Higgs field.
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The Lagrangian for the Abelian Higgs model is
L = −1
4
FabF
ab − 1
2
(
∇˜aΦ
)† (∇˜aΦ)− α
4
(|Φ|2 − v2)2, (3.41)
where Fab = ∇[aAb] is the Maxwell field strength, Φ is a complex scalar namely the
Higgs field and the gauge covariant derivative ∇˜ is defined as ∇˜aΦ := (∇a + iqAa) Φ.
The parameters q, v and α are real and α is positive.
We write the Higgs field Φ as Φ = ρe
iη
v , where ρ and η are real fields. In terms of
these fields the Lagrangian (3.41) can be rewritten as
L = −1
4
FabF
ab − 1
2
q2ρ2
(
Aa +
1
qv
∇aη
)(
Aa +
1
qv
∇aη
)
− 1
2
∇aρ∇aρ− α
4
(
ρ2 − v2
)2
.
(3.42)
Then it is easily seen that the Lagrangian is invariant under the local gauge trans-
formations
Aa → Aa +∇aχ(x), η → η − vqχ(x), (3.43)
where χ(x) is an arbitrary differentiable function.
The equations of motion corresponding to the two degrees of freedom Ab and ρ
are given by
∇aF ab − q2ρ2
(
Ab +
1
qv
∇bη
)
= 0 , (3.44)
∇a∇aρ− q2ρ
(
Aa +
1
qv
∇aη
)2
− αρ(ρ2 − v2) = 0. (3.45)
Let us first concentrate on the electromagnetic equation (3.44). We project this
equation onto Σ, and following exactly the same route which led to Eq. (3.27),
obtain the magnetic equation,
Da(λf
ab)− λq2ρ2
(
ab +
1
qv
Dbη
)
= 0 , (3.46)
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where fab and ab are respectively the Σ projections of F ab and Ab, defined via the
projector as before, and Dbη = hb
a∇aη. We also define the potential ψ and the
electric field ea as in Eq.s (3.10) and do the following computations :
λea = ξ
bFab = ξ
b
[
∇[a
(
Ab] +
1
qv
∇b]η
)]
= ξb∇[aAb] + 1
qv
ξb∇[a∇b]η
= ∇a
(
ξbAb +
1
qv
£ξη
)
− £ξ
(
Aa +
1
qv
∇aη
)
= ∇a
(
λ
(
ψ +
1
qvλ
η˙
))
−£ξ
(
Aa +
1
qv
∇bη
)
,
(3.47)
where we have used the torsion-free condition ∇[a∇b]η = 0 and we have written
η˙ = £ξη. But the quantity
(
Aa +
1
qv
∇bη
)
is a physical field which appears in the
energy-momentum tensor derived from (3.42), so by Eq. (3.1) the Lie derivative in
the last line of Eq. (3.47) vanishes giving
λea = ∇a
(
λ
(
ψ +
1
qvλ
η˙
))
. (3.48)
But the definition of ea in Eq. (3.10) shows that it is spacelike. So Eq. (3.48) is
basically a spacelike equation over Σ and we may replace ∇a by Da to have
λea = Da
(
λ
(
ψ +
1
qvλ
η˙
))
. (3.49)
Next, let us compute the divergence ∇aea and determine this over Σ. Following
exactly the same procedure which led to Eq. (3.19), we now have
Dae
a = q2ρ2
(
ψ +
1
qvλ
η˙
)
. (3.50)
Let us now multiply Eq. (3.46) by
(
ab +
1
qv
Dbη
)
and integrate by parts over Σ to
find∫
∂Σ
λ
(
ab +
1
qv
Dbη
)
fabna +
∫
Σ
λ
[
1
2
fabfab + q
2ρ2
(
ab +
1
qv
Dbη
)(
ab +
1
qv
Dbη
)]
= 0,
(3.51)
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where we have used the fact that Da is torsion-free : D[aDb]η = 0, which can be
derived from ∇[a∇b]η = 0 using the projector.
The Σ integral in Eq. (3.51) can be non-vanishing only if the ∂Σ integral is also
non-vanishing, which means that the norm of either fab or (ab +Dbη) must diverge on
one or both of the horizons. However, since we have assumed spherical symmetry of
the spacetime, a non-vanishing magnetic field strength fab essentially corresponds to
the magnetic monopole. This implies that then (ab +Dbη) must be both spherically
symmetric and divergent over the horizon. But we know that this is impossible.
This rules out the possibility of non-vanishing of the ∂Σ integral in Eq. (3.51).
Then, since all the inner products in the second integral in Eq. (3.51) are spacelike,
we must have fab = 0 = (ab +Dbη) throughout Σ. This shows that a spherically
symmetric static black hole spacetime with Λ > 0 cannot have any magnetic charge
corresponding to the Abelian Higgs model.
To investigate the electric charge, we multiply the electric field equation (3.50) by
λ
(
ψ +
1
qvλ
η˙
)
, integrate by parts over Σ and use Eq. (3.49) to find
∫
∂Σ
λ
(
ψ +
1
qvλ
η˙
)
eana +
∫
Σ
λ
eaea + q2ρ2
(
ψ +
1
qvλ
η˙
)2 = 0. (3.52)
Since eae
a appears in Tab , we may use Schwarz inequality to say that e
ana is fi-
nite on ∂Σ . So the Σ integral can be non-zero only if
(
ψ +
1
λqv
η˙
)
diverges over
at least one of the horizons. On the other hand we have already proved that(
ab +
1
qv
Dbη
)
= 0 throughout Σ. So the Lagrangian (3.42) shows that only the
timelike part −ρ2
(
ψ +
1
qvλ
η˙
)2
of the quantity ρ2
(
Ab +
1
qv
∇bη
)2
appears in the
energy-momentum tensor and hence must be bounded on the horizons by our as-
sumption of regularity. Thus, in order to make
(
ψ +
1
qvλ
η˙
)
divergent on any of the
horizons we must have ρ = 0 over that horizon.
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For asymptotically flat black hole spacetimes the energy-momentum tensor corre-
sponding to (3.42) vanishes at the spatial infinity. This implies that the magnitude
ρ of the Higgs field must reach ±v in the asymptotic region. In particular, it has
been shown for Λ = 0 that ρ cannot vanish on the horizon, and so the black hole
cannot have any electric charge [22]. Let us now see what happens for our present
case of Λ > 0. Since the cosmological horizon rC is not located at spacelike infinity
we cannot set Tab = 0 at rC. This means that we cannot impose ρ→ ±v as r → rC.
Since ρ is a physical field, we may only assume that ρ remains bounded on the
horizons.
Let us now project the equation of motion (3.45) for ρ onto Σ. We recall that(
ab +
1
qv
Dbη
)
= 0 throughout Σ and since ρ is a physical field we must have £ξρ =
0. Then the procedure which led to Eq. (3.4) now yields
Da (λD
aρ) = −λq2ρ
(
φ+
1
qvλ
η˙
)2
+ λαρ(ρ2 − v2). (3.53)
Let us assume for the moment that ρ vanishes on the black hole horizon at r = rH,
and starts increasing with increasing r. Then ρ must increase monotonically from
ρ = 0 at r = rH to one of:
(1) ρ = ρC < v at r = rC;
(2) ρ = v at r = rV ≤ rC;
(3) ρ = ρmax < v at the turning point r = rmax < rC. (3.54)
For all the above three cases, we multiply Eq. (3.53) by (ρ − v) and integrate over
a region Ω to obtain
∫
∂Ω
λ(ρ− v)naDaρ−
∫
Ω
λ
(Daρ) (Daρ)− ρ(ρ− v)
(
φ+
1
λqv
η˙
)2
+α(ρ− v)2ρ(ρ+ v)
]
= 0 . (3.55)
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The region Ω and its boundary ∂Ω for the three cases stated in Eq. (3.54) are taken
respectively to be (1) Ω = Σ, ∂Ω = ∂Σ; (2) Ω = Σ|r<rV and ∂Ω = spheres at rH, rV,
and (3) Ω = Σ|r<rmax, ∂Ω = spheres at rH, rmax.
In all three cases, the integral over ∂Ω in Eq. (3.55) vanishes on the respective
2-spheres leaving us only with the vanishing volume integral over Ω. On the other
hand, since 0 ≤ ρ ≤ v everywhere in Ω, all terms in the Ω integral of Eq. (3.55)
are positive definite. So we have a contradiction and ρ cannot increase from zero
as r increases from rH. In particular, Eq. (3.55) shows that either ρ = v or ρ = 0
throughout our region of interest.
Next, let us consider the reverse case of Eq. (3.54), i.e. we assume that ρ = 0 over
rH and decreases monotonically to one of:
(1) ρ = |ρC| < |v| at r = rC;
(2) ρ = −v at r = rV ≤ rC;
(3) ρ = |ρmin| < |v| at the turning point r = rmin < rC. (3.56)
In all three cases we multiply Eq. (3.53) by (ρ+ v) and integrate by parts to get
∫
∂Ω
λ(ρ+ v)naDaρ−
∫
Ω
λ
(Daρ) (Daρ)− ρ(ρ+ v)
(
φ+
1
λqv
η˙
)2
+α(ρ− v)ρ(ρ+ v)2
]
= 0 . (3.57)
The surface integral vanishes as before. Also, since −v ≤ ρ ≤ 0 for this case,
the volume integral comprises of positive definite quantities. So again we reach a
contradiction and we must have either ρ = 0 or ρ = −v throughout our region of
interest.
Thus we have seen that for a static and spherically symmetric Λ > 0 black hole
spacetime ρ cannot vary in the region between the black hole and the cosmological
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horizon. In particular, ρ can assume only three discrete values in this region : ρ = 0
or ρ = ±v.
Let us now look at the consequences of these. We consider first ρ = ±v. Previously
we argued that the surface integral of Eq. (3.52) can only be non-zero if ρ vanishes
on at least one of the horizons. So for ρ = ±v, the surface integral of Eq. (3.52)
vanishes giving us a vanishing volume integral which comprises of positive definite
quantities. Thus for non-zero ρ we must have ea = 0 = ψ throughout Σ. Also
the vanishing Lie derivatives £ξe
a = 0 = £ξψ imply that e
a and ψ must vanish
throughout the spacetime. The black hole in that case will have no electric charge.
Also we have proved earlier that it will have no magnetic charge as well. This is the
usual no hair result for the Abelian Higgs model. The same kind of result holds also
for asymptotically flat spacetimes [22].
There is however one exception − we have found another solution ρ = 0 for which
the Lagrangian (3.42) becomes
L = −1
4
FabF
ab − αv
4
4
. (3.58)
The static, spherically symmetric solution to this Lagrangian is clearly the Reissner-
No¨rdstrom-de Sitter solution with a modified cosmological constant Λ′ = Λ+
αv4
8
.
In other words, the solution ρ = 0 represents an electrically charged static black
hole sitting in the false vacuum of the Higgs field. This has no Λ = 0 analogue
and this is contradictory to what one expects from the no hair conjectures. This
charged solution for the Abelian Higgs model clearly comes from the non-trivial
boundary condition at the cosmological horizon. So we have seen that the existence
of a cosmological horizon can change the local physics considerably.
We also note here that the assumption of spherical symmetry is not crucial for the
proofs, except for the Abelian Higgs model. For all the other matter fields we have
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discussed, it is sufficient to assume that ∂Σ comprises of closed and non-singular
2-surfaces located at the horizons, as we did in the previous Chapter. Then the
assumption of regularity leads to the usual no hair results. So for example, a static-
axisymmetric black hole will be hairless for most field theories we considered, while
dipole or other axisymmetric hair cannot be ruled out for the Abelian Higgs model.
In particular, we will discuss the cylindrically symmetric cosmic string solutions for
this model in the next Chapter.
3.2. No hair theorems for stationary axisymmetric
spacetimes
In the following we will generalize some of the above no hair results for a stationary
axisymmetric de Sitter black hole spacetime. We will use the geometrical set up
developed in the previous Chapter for this purpose. Let us first summarize the
results of Section 2.2 for convenience.
The spacetime is stationary and axisymmetric endowed with two commuting
Killing vector fields ξa and φa, generating respectively stationarity and axisymmetry
of the spacetime. ξa and φa have norms −λ2 and f 2 respectively.
The spacetime is assumed to be regular, i.e. there is no naked curvature singularity
anywhere in our region of interest.
Since the spacetime is stationary−not static, ξaφa 6= 0 and hence ξa is not or-
thogonal to any family of spacelike hypersurfaces containing φa. As in Section 2.2,
we define a vector field χa := ξa − ξ · φ
φ · φφ
a ≡ ξa + αφa, with norm χaχa = −β2 such
that χaφa = 0 everywhere and χ
a is locally timelike. Since α is a spacetime function,
χa is not a Killing vector field. Next we choose an orthogonal basis {χa, φa, µa, νa}
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for our spacetime with {φa, µa, νa} orthogonal spacelike basis vectors. We also as-
sume that the spacelike 2-planes orthogonal to both (ξa, φa) or (χa, φa) are integral
2-submanifolds. Then the vector field χa satisfies the Frobenius condition for hy-
persurface orthogonality and is orthogonal to the family of spacelike hypersurfaces
Σ spanned by {φa, µa, νa}.
The hypersurface orthogonal timelike vector field χa becomes null when β2 = 0.
It was shown in the previous Chapter that the vector field χa coincides with a
Killing vector field on any closed surface H with β2 = 0. So H defines the true or
Killing horizon of the spacetime. The inner (outer) β2 = 0 surface is the black hole
(cosmological) Killing horizon.
The assumptions on the matter fields are the same as those for the static spacetime
discussed earlier. Since the spacetime is regular, the invariants constructed from the
energy-momentum tensor are bounded everywhere in our region of interest including
the horizons. Also as before, we assume that any physical matter field obeys the
symmetry of the spacetime, Eq. (3.1).
We define the projector hab which projects spacetime tensors over Σ as
hab := δ
a
b + β
−2χaχb. (3.59)
The operation of the projector and the induced connection Da over Σ can be defined
in the similar manner as described in Chapter 2. Also since by our assumption
the spacelike 2-planes spanned by (µa, νa) orthogonal to χa and φa are integral
submanifolds, Σ, we may define another projector to project spacetime tensors onto
Σ,
Πab := δ
a
b + β
−2χaχb − f−2φaφb = hab − f−2φaφb. (3.60)
The operation of Πab and the induced connection Da ≡ Πab∇b ≡ ΠabDb over the
2-submanifolds Σ can be defined similarly as what was done for hab.
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With all this equipment, we are now ready to go into the no hair proofs.
3.2.1. Scalar field
Let us start with the simplest case, that of a scalar field ψ in a potential V (ψ) with
the Lagrangian of Eq. (3.2) and the equation of motion Eq. (3.3).
Since we are assuming stationarity and axisymmetry of the spacetime, we have
£ξψ = 0 = £φψ, by Eq. (3.1). Then we have for the hypersurface orthogonal vector
field χa,
£χψ = £(ξ+αφ)ψ = £ξψ + α(£φψ) = 0. (3.61)
Then following the same procedure which led to Eq. (3.4) now yields the projection
of Eq. (3.3) onto the χ-orthogonal family of spacelike hypersurfaces Σ,
∇a∇aψ = 1
βh
∂a
[
βhgab∂bψ
]
=
1
βh
∂a
[
βh
(
hab − β−2χaχb
)
∂bψ
]
=
1
βh
∂a
[
βhhab∂bψ
]
⇒ Da (βDaψ) = βV ′(ψ), (3.62)
where h is the determinant of the induced metric hab over Σ. We multiply Eq. (3.62)
by V ′(ψ) and integrate by parts over Σ to get
∫
∂Σ
βV ′(ψ)naDaψ +
∫
Σ
β
[
V ′′(ψ) (Daψ) (Daψ) + V
′2(ψ)
]
= 0, (3.63)
where ∂Σ are the boundaries of Σ, i.e. spacelike closed 2-surfaces located at the
horizons and na is a unit spacelike vector normal to these 2-surfaces.
According to our assumption, there is no naked curvature singularity anywhere
between the horizons, including the horizons. This implies that the invariants of the
energy-momentum tensor must be bounded over the horizons. Since (∇aψ) (∇aψ)
appears in the invariants constructed from the energy-momentum tensor, this must
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be bounded on the horizons. Also £χψ = 0 implies that ∇aψ = Daψ. As before we
then use the Schwarz inequality, |naDaψ|2 ≤ (Daψ) (Daψ). Therefore the quantity
naDaψ remains bounded on the horizons. Then since β = 0 on the horizons, the
surface integrals in Eq. (3.63) vanish as before.
Since the inner product in the Σ integral of Eq. (3.63) is spacelike, it immediately
follows that no non-trivial solution exists for ψ over Σ for a convex potential. So like
the static case, here we also find that for a convex V (ψ) the scalar field ψ is a constant
located at the minimum of the potential V (ψ). Then Eq. (3.61) ensures that we
have the same trivial solution throughout the spacetime, which is the standard no
hair result for a scalar field.
Clearly the above no hair result will not hold for a non-convex V (ψ). The argu-
ments are similar to that presented for the static spacetime.
3.2.2. The Proca field
Next we consider the Proca-massive vector field with the Lagrangian (3.8) satisfying
the equation of motion Eq. (3.9). Although our objective will be to construct a
positive definite quadratic with a vanishing integral on Σ as before, we will see
below that proving a no hair statement in this case is quite a bit more complicated
than in the case of the static spacetime. In particular, there will be effects of the
spacetime rotation which will bring in some more technicalities.
Let us start as before by defining the potential ψ and the ‘electric’ field ea
ψ := β−1χaA
a, ea := β−1χbF
ab. (3.64)
We note from this definition that eaχ
a = 0, i.e. ea is spacelike. Also we note that
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βeaφa = χbφaF
ab = χbφa (∇aAb −∇bAa)
= φa
[
∇a
(
Abχ
b
)
− χb∇bAa − Ab∇aχb
]
= £φ (βψ)− φa
[
£ξAa + α(£φAa) + Abφ
b(∇aα)
]
, (3.65)
using χa = ξa + αφa. Since Ab is a physical matter field for the Proca theory, we
have by Eq. (3.1) £ξAa = 0 = £φAa identically. Eq. (2.37) shows £φα = 0. Also,
the first of Eq.s (3.64) gives
£φ (βψ) = £φ(gabA
aχb) = Ab(£φχ
b) = 0, (3.66)
using Eq. (2.37). Thus the right hand side of Eq. (3.65) vanishes and we see that ea
is orthogonal to φa.
Since both ψ and ea are physical matter fields appearing in the energy-momentum
tensor, we have £ξψ = 0 = £ξea, and £φψ = 0 = £φea. Then we compute
£χψ = £ξψ + α(£φψ) = 0. (3.67)
£χea = £ξea + α(£φea) + e
bφb (∇aα) = 0, (3.68)
where the orthogonality of ea and φa has been used. It also follows that
£χea = 0 = £χ
(
ebgab
)
=
(
£χe
b
)
gab + e
b (£χgab) =
(
£χe
b
)
gab + e
b
(
∇(aχb)
)
=
(
£χe
b
)
gab + e
b
(
φ(a∇b)α
)
=
(
£χe
b
)
gab + φa
(
eb∇bα
)
,
(3.69)
where we have used Eq. (2.29) and that eaφa = 0. Thus we have
£χe
a = −φa
(
eb∇bα
)
. (3.70)
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Let us now derive the analogues of Eq.s (3.13) and (3.19) for the present case. Using
the definitions (3.64) we compute the following:
βea = χ
bFab = χ
b (∇aAb −∇bAa) = ∇a (βψ)− £χAa. (3.71)
Using £ξAa = 0 = £φAa, we have £χAa = (Abφ
b)∇aα. Thus Eq. (3.71) becomes
βea = ∇a (βψ)− (Abφb)∇aα. (3.72)
Since ea is spacelike, and ∇aα = Daα by Eq. (2.43), the Σ projection of Eq. (3.72)
is obtained simply by replacing the spacetime connection ∇a with the induced con-
nection Da on Σ,
Da(βψ) = βea + (Abφ
b)Daα. (3.73)
After that, using Eq. (3.64) we compute the following divergence,
∇a (βea) = (∇aχb)F ab + χb
(
∇aF ab
)
= (∇aχb)F ab +m2βψ, (3.74)
using the equation of motion (3.9). We substitute the expression for ∇aχb from
Eq. (2.64) into Eq. (3.74), the symmetric part of ∇aχb does not contribute and
using Eq. (3.64) we obtain
∇a (βea) = β−1 (χb∇aβ − χa∇aβ)F ab +m2βψ = 2ea∇aβ +m2βψ, (3.75)
which we rewrite as
∇aea = β−1ea∇aβ +m2ψ. (3.76)
Let us now project this onto Σ using the projector ha
b defined in Eq. (3.59). We
write
Dae
a = hab∇aeb = ∇aea + β−2χbχa∇aeb, (3.77)
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and look at the last term. Using the orthogonality χae
a = 0 we write
β−2χbχ
a∇aeb = −β−2χaeb∇aχb = −β−2χaeb
[
β−1(χ[b∇a]β) + 1
2
φ(a∇b)α
]
= −β−1ea∇aβ, (3.78)
where we have substituted the expression for ∇aχb from Eq. (2.64) and used also
the orthogonality of ea and φa. Combining Eq.s (3.76), (3.77) and (3.78), we obtain
the equation for ea over Σ,
Dae
a = m2ψ, (3.79)
which has the same form as the static equation (3.19). We now multiply Eq. (3.79)
by βψ and use Eq. (3.73) and integrate by parts over Σ to find
∫
∂Σ
βψnaea +
∫
Σ
[
β
(
eae
a +m2ψ2
)
+
(
Abφ
b
)
eaDaα
]
= 0. (3.80)
The terms ψ2 and e2a appear in the invariants of the energy-momentum tensor, so
are bounded on the horizons. This implies as before that the surface integrals in
Eq. (3.80) vanish, giving us the following vanishing Σ integral
∫
Σ
[
β
(
eae
a +m2ψ2
)
+
(
Abφ
b
)
eaDaα
]
= 0. (3.81)
We recall that ea is a spacelike vector field and β > 0 between the two horizons and
vanishes on the horizons. So all but the last term in Eq. (3.81) are positive definite.
The last term is ea£χAa, so we cannot set this to zero, since χ
a is not a Killing field.
Thus the non-existence of the electric charge for the Proca field cannot be proven
from Eq. (3.81) alone, and we need to make a more careful analysis of the rest of
the equations of motion. We note that if we set α = 0 in Eq. (3.81), we recover the
static case.
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Let us now project Eq. (3.9) onto Σ. Let ab and fab be the Σ projections of Ab
and Fab,
ab = h
a
bAa, (3.82)
fab = ha
chb
dFcd = D[aab]. (3.83)
We now multiply Eq. (3.9) by the projector to write
βhbc∇aF ac = m2βab. (3.84)
In order to get an equation for fab we consider the expression Da
(
βfab
)
. Using the
projector ha
b and its action discussed in Chapter 2 we have
Da
(
βfab
)
= hbeh
f
a∇f (βF ae)
= hbe∇a (βF ae) + β−2hbeχaχf∇f (βF ae) . (3.85)
In order to simplify this, we first recall from the previous Chapter that £χβ = 0.
Also, since ξa and φa are Killing fields we have by Eq. (3.1), £ξF
ab = 0 = £φF
ab.
Then we find
£χF
ab = χc∇cF ab − F ac∇cχb − F cb∇cχa
= £ξF
ab + α
(
£φF
ab
)
+ φ[aF b]c∇cα
= φ[aF b]c∇cα. (3.86)
Let us now look at Eq. (3.85). Using ∇aβ = Daβ, the orthogonality χaφa = 0, and
substituting the expression for χf∇fF ae from Eq. (3.86) we obtain
Da
(
βfab
)
= βhbe∇aF ae + hbeF aeDaβ
+ β−1χah
b
e [F
ce∇cχa + F ac∇cχe − (F ce∇cα)φa − (F ac∇cα)φe]
= βhbe∇aF ae + fabDaβ
+ β−1χah
b
e [F
ce∇cχa + F ac∇cχe − (F ac∇cα)φe] . (3.87)
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Let us consider the first two terms within the square bracket of the above equation.
Substituting the expression for ∇aχb from Eq. (2.64) we find
χah
b
e [F
ce∇cχa + F ac∇cχe] = χahbeF ce
[
β−1 (χa∇cβ − χc∇aβ) + 1
2
(φa∇cα + φc∇aα)
]
+ χah
b
eF
ac
[
β−1 (χe∇cβ − χc∇eβ) + 1
2
(φe∇cα + φc∇eα)
]
.
(3.88)
Using Eq.s (2.43), ∇aβ = Daβ, the orthogonality of χa and φa and the fact that
ha
bχa = 0, we may simplify Eq. (3.88) to
χah
b
e [F
ce∇cχa + F ac∇cχe] = −βf cbDcβ + 1
2
χaF
ac
(
φbDcα + φcD
bα
)
,
(3.89)
which, using the definition (3.64) of the electric field ea and the previously derived
orthogonality eaφ
a = 0, may be further simplified as
χah
b
e [F
ce
c χ
a + F ac∇cχe] = −βf cbDcβ − 1
2
βec
(
φbDcα + φcD
bα
)
= −βf cbDcβ − 1
2
βφbec∇cα, (3.90)
We substitute this expression into Eq. (3.87) to find,
Da
(
βfab
)
= βhbe∇aF ae + fabDaβ
+ β−1
[
−βf cbDcβ − 1
2
βφbec∇cα
]
− φb
(
β−1χaF
ac
)
∇cα
= βhbe∇aF ae + 1
2
(ec∇cα)φb, (3.91)
using once again the definition of ea and the fact that ha
bφa = φb. Combining
Eq. (3.91) with Eq. (3.84), we finally obtain the Σ projection of the equation of
motion (3.9) for a stationary axisymmetric spacetime,
Da
(
βfab
)
= m2βab +
1
2
(ec∇cα)φb. (3.92)
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If we multiply both sides of Eq. (3.92) by ab and integrate it over Σ, we again end
up with an integral which, like Eq. (3.81), is not guaranteed to be positive definite.
In order to simplify the situation, we recall that by our assumption the spacelike
2-planes orthogonal to both χa and φa are integral 2-submanifolds, Σ. So let us
further project Eq. (3.92) onto Σ using the projector Πa
b in Eq. (3.60). The Σ
projections ab and fab of ab and fab, or Ab and Fab are given by
ab = Πb
cac = Πb
cAc, (3.93)
fab = Πa
cΠb
dfcd = Πa
cΠb
dFcd = D[aab], (3.94)
where D is the induced connection over Σ. We multiply Eq. (3.92) by fΠcb, where
f 2 = φaφa as before and we get
fΠcbDa
(
βfab
)
= fΠcb
[
m2βab +
1
2
(ec∇cα)φb
]
= fβm2ac. (3.95)
Let us consider the left hand side of this equation. Using Eq. (3.60) we write this as
fΠcbDa
(
βfab
)
= f
[
δcb − f−2φcφb
]
Da
(
βfab
)
+
f
β2
χcχbDa
(
βfab
)
. (3.96)
Since fab is spacelike, fabχb = 0 and we may then rewrite the last term of the above
equation as
f
β2
χcχbDa
(
βfab
)
= − f
2β
χcfabD[aχb] =
f
2β2
χcfabχbDaβ = 0, (3.97)
where we have substituted Eq. (2.64) with the index a projected onto Σ. So
Eq. (3.95) can now be written as
f
[
δcb − f−2φcφb
]
Da
(
βfab
)
= fβm2ac. (3.98)
We note that since Da is spacelike, we always have χaD
a ≡ 0. Also, Eq. (3.97) gives
χbDa
(
fab
)
= 0. These show that
Da
(
fβf
ab
)
= ΠbeΠ
f
aDf (fβf
ae) =
[
δbe − f−2φbφe
] [
δf a − f−2φfφa
]
Df (fβf
ae) .
(3.99)
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Next, using the projector (3.59) and the definition (3.64), we write the induced
magnetic tensor fab as
fab = hach
b
dF
cd = F ab + β−1
(
χaeb − χbea
)
. (3.100)
We take the Lie derivative of this equation with respect to the Killing field φa.
The first term, £φF
ab vanishes by Eq. (3.1). By Eq. (2.37), we have £φχa =
0 = £φχ
a. This implies that £φβ
2 = −£φ (χaχa) = 0. Hence we further have
£φe
a = £φ
(
β−1χbF ab
)
= 0. Thus we find £φf
ab = 0 identically, which also means
£φ
(
βfab
)
= 0. Then starting from Eq. (3.99) we follow exactly the same procedure
that led Eq. (3.21) to Eq. (3.27) to now yield
Da
(
fβf
ab
)
= m2fβab, (3.101)
Contracting both sides by ab and integrating by parts over Σ we get∫
∂Σ
fβabf
ab
ma +
∫
Σ
βf
(
fabf
ab
+m2abab
)
= 0, (3.102)
where ∂Σ denotes the boundary of Σ and ma is a unit spacelike normal directed to-
wards Σ. This 1-dimensional boundary comprises of two spacelike curves located at
the two horizons, β2 = 0. Since ab and f
ab
are both physical fields, the boundedness
arguments over the horizons can be given for them as before and thus the integral
over ∂Σ in Eq. (3.102) vanishes leaving us with the vanishing spacelike integral over
Σ. This shows us that fab = 0 = ab throughout the 2-submanifolds, Σ. Next we
write ab as
ab = Πb
aAa = Ab + β
−2χb (Aaχ
a)− f−2φb (Aaφa) . (3.103)
Then we use £φχ
a = 0 and £φA
a = 0 to find £φab = 0. The commutativity of
the two Killing fields gives £ξχ
a = 0 = £ξχa. Also using £ξAb = 0, we see from
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Eq. (3.103) that £ξab = 0. Using the vanishing of these two Lie derivatives we get
£χab = £ξab + α (£φab) + (acφ
c)∇bα = 0, (3.104)
where we have used the orthogonality of φc and ac. The vanishing Lie derivatives
along χa and φa show us that ab = 0 throughout the spacetime. Similarly we can
show fab vanishes throughout the spacetime. Thus we may take the following form
for the vector field Ab,
Ab = Ψ1(x)χb +Ψ2(x)φb, (3.105)
where Ψ1 and Ψ2 are some differentiable functions. Using £φAb = 0 = £φχb and
the orthogonality χaφa = 0, we have
£φΨ1 = 0 = £φΨ2. (3.106)
On the other hand, £χAb = (Aaφ
a)∇bα, £χφb = f 2∇bα, along with the vanishing
Lie derivatives £χα = 0 = £φα, and the orthogonality χaφ
a = 0 imply
£χΨ1 = 0 = £χΨ2. (3.107)
In terms of Ψ1(x) and Ψ2(x), the field tensor Fab becomes
Fab =
(
∇[aΨ1(x)
)
χb] +
(
∇[aΨ2(x)
)
φb] +Ψ1(x)∇[aχb] +Ψ2(x)∇[aφb]. (3.108)
Substituting Eq.s (2.64), (2.74) into this, we compute the Proca Lagrangian (3.8)
in terms of Ψ1(x) and Ψ2(x),
L = 1
2
(β∇aΨ1 + 2Ψ1∇aβ)2 − 1
2
(f∇aΨ2 + 2Ψ2∇af)2 + f 2Ψ2 (∇aΨ1) (∇aα)
+
f 4Ψ22
2β2
(∇aα) (∇aα) + 2f
2
β
Ψ1Ψ2 (∇aβ) (∇aα) + m
2
2
(
β2Ψ21 − f 2Ψ22
)
.
(3.109)
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The equations of motion for the two degrees of freedom Ψ1 and Ψ2 are then
∇a
(
β2∇aΨ1
)
− 2β (∇aβ) (∇aΨ1) +∇a (2βΨ1∇aβ)− 4Ψ1 (∇aβ) (∇aβ)
+∇a
(
f 2Ψ2∇aα
)
− 2f
2
β
Ψ2 (∇aβ) (∇aα)−m2β2Ψ1 = 0,
(3.110)
and
∇a
(
f 2∇aΨ2
)
− 2f (∇af) (∇aΨ2) +∇a (2fΨ2∇af)− 4Ψ2 (∇af) (∇af)
+
f 4Ψ2
β2
(∇aα) (∇aα) + 2f
2
β
Ψ1 (∇aβ) (∇aα) + f 2 (∇aΨ1) (∇aα)−m2f 2Ψ2 = 0.
(3.111)
Let us now project Eq.s (3.110) and (3.111) onto Σ and form quadratic integrals
following the same techniques described before.
We have already shown that £χβ = 0 = £χα, which mean that ∇aβ = Daβ and
∇aα = Daα. Using the commutativity of the Killing fields, Eq. (2.26), we have
£χf
2 = 2φa£χφa = 2f
2£φα = 0. This means that we also have ∇af = Daf . Then
using Eq.s (3.107), and following exactly the same procedure that, starting from the
respective equations of motion, led to Eq.s (3.4), (3.62), we now have of Eq. (3.110)
written on Σ,
Da
(
β3DaΨ1
)
− 2β2 (Daβ) (DaΨ1) +Da
(
2β2Ψ1D
aβ
)
− 4βΨ1 (Daβ) (Daβ) +
Da
(
βf 2Ψ2D
aα
)
− 2f 2Ψ2 (Daβ) (Daα)−m2β3Ψ1 = 0,
(3.112)
and also Eq. (3.111) written on Σ,
Da
(
f 2βDaΨ2
)
− 2βf (Daf) (DaΨ2) +Da (2βfΨ2Daf)− 4βΨ2 (Daf) (Daf) +
f 4Ψ2
β
(Daα) (D
aα) + 2f 2Ψ1 (Daβ) (D
aα) + βf 2 (DaΨ1) (D
aα)−m2βf 2Ψ2 = 0.
(3.113)
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We now multiply Eq. (3.112) by Ψ1 and Eq. (3.113) by Ψ2, add them and inte-
grate by parts over Σ. The surface integrals do not survive as we can see from the
boundedness arguments over ∂Σ presented earlier and we have∫
Σ
β
[
(βDaΨ1 + 2Ψ1Daβ)
2 + (fDaΨ2 + 2Ψ2Daf)
2 − f
4Ψ22
β2
(Daα) (D
aα)
+m2
(
β2Ψ21 + f
2Ψ22
)]
= 0.
(3.114)
This is clearly not positive definite due to the presence of the third term which is
negative. We can naively interpret that term as the centrifugal effect on the field
due to the rotation of the spacetime. Let us now investigate whether the rotation
can actually be so large that the integrand in Eq. (3.114) becomes negative and the
matter field can really remain outside the black hole horizon.
In order to do this, let us consider the Killing identity for φb
∇b∇bφa = −Rabφb. (3.115)
Contracting this by φa and substituting Eq. (2.74) into it we get
∇b∇bf 2 =
[
4 (∇af) (∇af)− f
4
β2
(∇aα) (∇aα)− 2Rabφaφb
]
. (3.116)
Since £χf = 0, the above equation can be written on Σ as
Db
(
βDbf 2
)
= β
[
4 (Daf) (D
af)− f
4
β2
(Daα) (D
aα)− 2Rabφaφb
]
. (3.117)
Multiplying with Ψ22 and integrating by parts over Σ, we see that the ∂Σ integral
i.e., the integral over the horizons does not survive from the boundedness arguments
and we obtain∫
Σ
β
[
4fΨ2 (DaΨ2) (D
af) + 4Ψ22 (Daf) (D
af)− Ψ
2
2f
4
β2
(Daα) (D
aα)− 2Ψ22Rabφaφb
]
= 0.
(3.118)
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Subtracting Eq. (3.118) from Eq. (3.114) we get
∫
Σ
β
[
(βDaΨ1 + 2Ψ1Daβ)
2 + f 2 (DaΨ2) (D
aΨ2) + 2Ψ
2
2Rabφ
aφb +m2
(
β2Ψ21 + f
2Ψ22
)]
= 0.
(3.119)
So the no hair result Ψ1 = 0 = Ψ2 will follow from Eq. (3.119) if Rabφ
aφb ≥ 0. In
particular, using Einstein’s equations
Rabφ
aφb = 8πG
(
Tab − 1
2
Tgab
)
φaφb + Λf 2. (3.120)
We compute the energy-momentum tensor for the Proca Lagrangian (3.8),
Tab = − 2√−g
δSP
δgab
= FacFb
c +m2AaAb + Lgab, (3.121)
where SP =
∫
d4x
√−gL is the action corresponding to the Proca Lagrangian L.
Eq. (3.121) yields
(
Tab − 1
2
Tgab
)
φaφb =
(
1
2
b2a +
1
2
f 2e2a +m
2f 4Ψ22
)
, (3.122)
where ba = Fabφ
b and ea is the electric field defined in Eq. (3.64). We have already
proved that eaφ
a = 0, which means ba is spacelike. The electric field e
a is also
spacelike as mentioned earlier. So Eq. (3.122) consists of spacelike inner products
and hence
(
Tab − 1
2
Tgab
)
φaφb ≥ 0 for the Proca field. Putting in all this, we can
rewrite Eq. (3.119) as
∫
Σ
β
[
(βDaΨ1 + 2Ψ1Daβ)
2 + f 2 (DaΨ2) (D
aΨ2) +m
2β2Ψ21
+
(
m2 + 2Λ
)
f 2Ψ22 + 16πGΨ
2
2
(
1
2
b2a +
1
2
f 2e2a +m
2f 4Ψ22
)]
= 0, (3.123)
which gives Ψ1 = 0 = Ψ2 over Σ. Since £χΨ1 = 0 = £χΨ2, Eq. (3.107), we
have Ψ1 = 0 = Ψ2 throughout the spacetime. This, combined with the previous
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proof that ab = 0, is the desired no hair result for a de Sitter black hole for the
Proca-massive vector field.
Clearly, our proof is also valid for asymptotically flat stationary axisymmetric
spacetimes, Λ = 0. We have only to replace the outer boundary or the cosmological
horizon by a 2-sphere at spacelike infinity with sufficiently rapid fall off conditions
imposed upon the fields. Our proof also applies to asymptotically anti-de Sitter
spacetimes provided we assume m2 ≥ 2|Λ| in Eq. (3.123). We note that this is not
a strong assumption — it only means that the Compton wavelength of the vector
field is less than the cosmological length scale or the AdS radius.
As in the static case, the no hair proof fails for the Maxwell field. The local
gauge symmetry of the Lagrangian gives rise to a charged solution, namely the
Kerr-Newman-de Sitter solution [11], given in Eq.(1.28).
Let us now summarize the discussions. In this Chapter we have studied various
static and stationary de Sitter black hole no hair theorems by restricting our atten-
tion to the region between the two horizons. Unlike usual investigations of black hole
spacetimes, we have managed to completely bypass bothering about the asymptotic
behavior, only we needed to assume that the cosmological horizon exists and there
is no naked curvature singularity anywhere in our region of interest.
Interestingly, we have seen in Section 3.1.4 that the Abelian Higgs model al-
lows a static and spherically symmetric solution with electric charge which has no
counterpart in the asymptotically flat case. This suggests the intriguing possibility
that, even for the Λ = 0 black holes with hair, there may be additional classes
of solutions for Λ > 0, coming from non-trivial boundary conditions at the two
horizons. For example, black holes pierced by a cosmic Nielsen-Olesen string [47],
black holes with non-trivial external Yang-Mills and Higgs fields, or Skyrme black
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holes [91, 92], may have more varied counterparts for Λ > 0. Black holes with dis-
crete gauge hair (see [93] for a review), because of the underlying Higgs model, may
be dressed differently for Λ > 0. There may also be new axisymmetric solutions in a
Higgs background. Other kinds of quantum hair such as the non-Abelian quantum
hair [93, 94] or the spin-2 hair [95], whose existence are related to the topology of
the spacetime, are likely to be present also for Λ > 0.
Since the static, spherically symmetric charged solution corresponding to the
Abelian Higgs model sits over the false vacuum ρ = 0 of the Higgs field, it is
likely that this solution will be unstable under perturbations. On the other hand
the uncharged solution located at the true vacuum ρ = ±v of the Higgs field, should
be stable under perturbations. Therefore if a charged solution forms initially, it
should decay to the uncharged solution. It would be very interesting to study this
decay mechanism.
We have also proven the no hair theorems for scalar and Proca-massive vector
fields for a stationary axisymmetric de Sitter black hole spacetime. We note that in
comparison to the proof for a static spacetime, this proof contains some additional
geometric constraints such as the commutativity of the two Killing fields ξa and φa
and the existence of spacelike 2-submanifolds orthogonal to them. Also to prove
the theorem for the vector field we had to use explicitly in Eq. (3.120) the Einstein
equations. For a static spacetime we did not need to do that.
For the static spacetime it is necessary to assume spherical symmetry in order
to prove the no hair theorem for the Abelian Higgs model. In fact if we have a
cylindrically symmetric matter distribution, we may have a cosmic string piercing
the horizons, as will be discussed in the next Chapter. It seems likely that we will
have a string-like solution for a rotating axisymmetric de Sitter black hole also.
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We wish to mention here that the no hair results proved here are not black hole
uniqueness theorems. It is well known that if one assumes spherical symmetry,
the only solution to the vacuum Einstein equations in (3+1)-dimensions is the
Schwarzschild spacetime, known as Birkhoff’s theorem (see e.g. [4]). Following [4],
one can similarly generalize this result for Λ > 0. For a discussion on this and for
some subtle issues regarding the beyond horizon properties of the Schwarzschild-de
Sitter spacetime see [96]-[99].
The situation is however very different for stationary axisymmetric Λ > 0 space-
times. It has been proven that for Λ = 0, the Kerr spacetime is the only asymptoti-
cally flat black hole solution of the vacuum Einstein equations in (3+1)-dimensions [16,
30, 31]. The uniqueness of asymptotically anti-de Sitter black hole spacetimes was
given in [32] by a remarkable use of the Lindblom identity and the positivity of the
gravitational mass. In (2+1)-dimensions, a result analogous to Birkhoff’s theorem
was proven for the BTZ black hole in [33]. However for Λ > 0, no proof of unique-
ness of stationary axisymmetric black hole solutions is known [31, 32]. Although we
note that our results reduce the Einstein-scalar (in convex potential) and Einstein-
massive vector (with no gauge symmetry) systems to vacuum Einstein equations in
the presence of a stationary axisymmetric black hole. So any proof of uniqueness of
the Kerr-de Sitter spacetime, if it exists, will apply to these systems as well. This
remains as an interesting problem.
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In the previous Chapter we discussed static black hole solutions with the Abelian
Higgs model for spherically symmetric mass distribution. In this Chapter we will
also discuss some exact solutions with the Abelian Higgs model but for cylindrically
symmetric mass distribution, namely cosmic string solutions with Λ > 0. Precisely,
by cosmic string we mean a vortex line (a cylindrically symmetric or axisymmetric
mass distribution which is zero outside a compact region of space) in the Abelian
Higgs model. It is well known that in flat spacetime the Abelian Higgs model shows
vortex solutions [48], known as the Nielsen-Olesen string.
Let us come to our motivation for making this study with Λ > 0. The first
motivation comes from the black hole no hair theorem with positive Λ for the Abelian
Higgs model discussed in Section 3.1.4. We found a charged solution which has no
Λ = 0 analogue. The black hole looks like the Reissner-No¨rdstrom-de Sitter solution
with the Higgs field in the false vacuum. This of course disagrees with the usual no
hair statement.
In general, given some asymptotically flat solution (corresponding to Λ = 0)
of some matter fields coupled to gravity, we may find additional solutions, or at
least qualitatively different ones, when there is an outer or cosmological horizon
(corresponding to Λ > 0).
93
4. Cosmic strings and positive Λ
We are motivated by these arguments to look at cylindrically symmetric cosmic
strings in spacetimes with Λ > 0 . While the role of such cosmic strings in cosmolog-
ical perturbations and structure formation is ruled out and the contribution of these
strings to the primordial perturbation spectrum must be less than 9% (see [100] for
a review and references), such strings could exist in small numbers. How does a
positive cosmological constant or a cosmological horizon affect the physics of the
string? We discussed in the first Chapter that in asymptotically flat spacetimes a
self gravitating cosmic string produces a conical singularity, or a deficit angle (see
e.g. [49] and references therein). Due to this conical singularity light bends towards
the string in the asymptotic region where the curvature is zero. On the other hand,
it is also known that a cosmological constant affects the bending of light [36]-[40]
by a repulsive effect. So both the attractive and repulsive effects on the geodesics
should be present in a string spacetime with Λ > 0 .
In this Chapter we will present analytical results for a cosmic string in two kinds of
spacetime with a positive cosmological constant. The first one is static and cylindri-
cally symmetric, with an infinite string placed along the axis. We calculate the angle
deficit and the bending of light for this spacetime. The other spacetime we consider
is the Schwarzschild-de Sitter spacetime, and a cosmic string stretched between the
inner and outer horizons. We consider both non-gravitating and gravitating strings
and show that they can exist between the two horizons of this spacetime.
4.1. Free cosmic string and angle deficit
Let us start by constructing a suitable ansatz for a static and cylindrically symmet-
ric spacetime with the usual coordinatization (t, z, ρ, φ). The coordinate vector
fields {(∂t)a, (∂z)a, (∂φ)a} are Killing fields of this spacetime generating respec-
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tively staticity, space translation symmetry along the axis and rotational symmetry
around the axis. So none of the metric components are dependent on (t, z, φ).
Since any 2-dimensional metric may be written in a conformally flat form [16], we
may take the (t, z) part of the metric to be conformally flat. With this, we make
the following ansatz
ds2 = eA(ρ)
[
−dt2 + dz2
]
+ ρ2eB(ρ)dφ2 + eC(ρ)dρ2, (4.1)
where A(ρ), B(ρ) and C(ρ) are smooth functions. We can further simplify (4.1)
by redefining the radial variable as ρ′ :=
∫
e
C(ρ)
2 dρ. Then dropping the primes we
arrive at the following simplified form
ds2 = eA(ρ)
[
−dt2 + dz2
]
+ ρ2eB(ρ)dφ2 + dρ2. (4.2)
The orbits of the azimuthal spacelike Killing field (∂φ)
a are closed spacelike curves
which shrink to a point as ρ → 0. We regard the set of points ρ = 0 as the axis
of the spacetime, then a convenient coordinatization will be to set the metric to be
locally flat on the axis, i.e.
ds2
ρ→0−→ −dt2 + dz2 + ρ2dφ2 + dρ2. (4.3)
We can always do this as long as there is no curvature singularity on the axis. With
this coordinatization let us first solve the cosmological constant vacuum equations,
Rab − 1
2
Rgab + Λgab = 0 or equivalently, Rab − Λgab = 0 with Λ > 0. Eq.s (1.2)-
(1.5) yield that the cross components of Rµν (µ 6= ν) vanish identically for (4.2).
Since the (t, z) part of the metric (4.2) is conformally flat and none of the metric
functions depend upon these coordinates, we have Rtt = −Rzz. Then we arrive at
the following three independent Λ-vacuum Einstein equations Rµ
ν − Λδµν = 0,
Rt
t − Λδtt = 0⇒ A
′′
2
+
A′2
2
+
A′
2ρ
+
A′B′
4
+ Λ = 0, (4.4)
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Rρ
ρ − Λδρρ = 0⇒ A′′ + B
′′
2
+
B′2
4
+
A′2
2
+
B′
ρ
+ Λ = 0, (4.5)
and
Rφ
φ − Λδφφ = 0⇒ B
′′
2
+
B′2
4
+
A′B′
2
+
A′ +B′
ρ
+ Λ = 0, (4.6)
where a ‘prime’ denotes differentiation once with respect to ρ. Eq.s (4.4)-(4.6) can
be solved for A(ρ) and B(ρ) in the following way. We add Eq. (4.6) with twice of
Eq. (4.4) and subtract Eq. (4.5) from the result to get
A′B′ = −
(
2A′
ρ
+
A′2
2
+ 2Λ
)
. (4.7)
Next, we rewrite Eq. (4.5) as(
A′ +
B′
2
)′
+
(
A′ +
B′
2
)2
− A
′2
2
− A′B′ + B
′
ρ
+ Λ = 0. (4.8)
Substituting the expression for A′B′ from Eq. (4.7) into Eq. (4.8) we obtain(
A′ +
B′
2
)′
+
(
A′ +
B′
2
)2
+
2
ρ
(
A′ +
B′
2
)
+ 3Λ = 0, (4.9)
which can be rewritten as(
A′ +
B′
2
+
1
ρ
)′
+
(
A′ +
B′
2
+
1
ρ
)2
+ 3Λ = 0. (4.10)
We integrate Eq. (4.10) once to find(
A′ +
B′
2
)
= −
√
3Λ tan
√
3Λ (ρ− k1)− 1
ρ
, (4.11)
where k1 is an integration constant. Substituting Eq. (4.11) into Eq. (4.4) we have
A′′ −
√
3ΛA′ tan
√
3Λ (ρ− k1) + 2Λ = 0, (4.12)
which we integrate twice to obtain
A(ρ) =
2
3
ln
∣∣∣cos√3Λ(ρ− k1)∣∣∣− k2√
3Λ
ln
∣∣∣sec√3Λ(ρ− k1) + tan√3Λ (ρ− k1)∣∣∣+ k3,
(4.13)
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where k2 and k3 are integration constants. It is clear that when Eq. (4.13) is substi-
tuted into (4.2), we may rescale the coordinates t and z as t→ e k32 t and z → e k32 z.
So without any loss of generality we set k3 = 0. Now let us determine the other
constants k1 and k2 subject to the boundary condition (4.3), i.e. A(0) = 0 = B(0),
and also such that the limit Λ→ 0 recovers the flat spacetime. To do this we write
Eq. (4.13) as
A(ρ) =
2
3
ln
∣∣∣∣sin(√3Λ(ρ− k1) + π2
)∣∣∣∣− k2√
3Λ
ln
∣∣∣∣∣tan
(√
3Λ
2
(ρ− k1) + π
4
)∣∣∣∣∣ . (4.14)
It is clear that a convenient choice which satisfies our requirements would be k1 =
π
2
√
3Λ
and k2 =
√
3Λ. With these choices Eq. (4.14) becomes A(ρ) = ln
∣∣∣∣∣2 23 cos 43 ρ
√
3Λ
2
∣∣∣∣∣.
The numerical factor 2
2
3 can be absorbed by coordinate rescaling, so without any
loss of generality we may take
A(ρ) = ln
∣∣∣∣∣cos 43 ρ
√
3Λ
2
∣∣∣∣∣ . (4.15)
Substituting the expression for A(ρ) into Eq. (4.11), and integrating we obtain
B(ρ) = ln
∣∣∣∣∣sin2 ρ
√
3Λ
2
cos−
2
3
ρ
√
3Λ
2
∣∣∣∣∣− ln ∣∣∣ρ2k4∣∣∣ , (4.16)
where k4 is a constant. The choice of k4 which satisfies the boundary condition
(4.3) is k4 =
3Λ
4
. With all these, we arrive at a Λ-vacuum solution of the Einstein
equations (4.4)-(4.6) subject to the boundary condition (4.3) [101, 102, 103],
ds2 = cos
4
3
ρ
√
3Λ
2
(
−dt2 + dz2
)
+
4
3Λ
sin2
ρ
√
3Λ
2
cos−
2
3
ρ
√
3Λ
2
dφ2 + dρ2. (4.17)
We note that the limit Λ → 0 in the metric (4.17) recovers the usual cylindrically
symmetric flat spacetime.
Now let us look at the singularities of the metric (4.17). Clearly, the metric (4.17)
is singular at ρ =
nπ√
3Λ
, where n are integers. Of these points, those corresponding
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to even n look flat, with n = 0 being the axis. On the other hand, the points
corresponding to odd n are curvature singularities. The quadratic invariant of the
Riemann tensor shows a quartic divergence there :
RabcdR
abcd ≈ Λ
2(
nπ
2
− ρ
√
3Λ
2
)4 , n odd. (4.18)
The timelike Killing vector field (∂t)
a becomes null at these odd n singularities of
(4.17). So these points are Killing horizons of the spacetime. However Eq. (4.18)
shows that these horizons are naked curvature singularities. The singularities for
n > 1 appear to be unphysical or irrelevant, and will not concern us further. Our
region of interest will be near the axis and far from the n = 1 naked singularity
located at ρ =
π√
3Λ
.
In this region, let us construct a string-like solution of the Einstein equations.
We consider Einstein’s equations with a non-vanishing energy-momentum tensor :
Rab − 1
2
Rgab + Λgab = 8πGTab. The energy-momentum tensor Tab corresponds to
the Abelian Higgs model with the Lagrangian
L = −
(
∇˜aΦ
)† (∇˜aΦ)− 1
4
F˜abF˜
ab − λ
4
(
Φ†Φ− η2
)2
, (4.19)
where ∇˜a ≡ ∇a + ieAa is the usual gauge covariant derivative, F˜ab = ∇aAb −∇bAa
is the electromagnetic field strength tensor and Φ is a complex scalar. We mentioned
that (4.19) has string like solutions in flat spacetime [48]. Let us now briefly see
what is meant by that. The equation of motion for the gauge field Ab is
∇aF˜ ab ≡ jb = −ie
2
(
Φ†∇bΦ− Φ∇bΦ†
)
+ e2AbΦ
†Φ. (4.20)
We also have for any (2, 0) tensor hab, ∇[a∇b]hcd = −Rabeched − Rabedhce, which
implies
∇b∇aF˜ ab = 1
2
∇[b∇a]F˜ ab = 1
2
[
−RbeF˜ be +RebF˜ eb
]
= 0, (4.21)
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which means jb in Eq. (4.20) is conserved : ∇bjb = 0. By a string solution corre-
sponding to (4.19) we mean a cylindrically symmetric and static vortex solution in
which the field lines are confined within a compact region of space. For this require-
ment it is necessary that the flux S corresponding to F˜ab is quantized. To see this
we compute
S =
∫
F˜abdσ
ab =
∮
Abdx
b, (4.22)
where σab is a spacelike 2-surface and x
b denotes the boundary of that surface.
Letting Φ = ηXeiχ we get from Eq. (4.20)
Ab =
jb
e2η2X2
− 1
e
∇bχ. (4.23)
We substitute Eq. (4.23) into Eq. (4.22) and perform the surface integral where
there is no current, i.e. jb = 0,
S =
∮
Abdx
b = −1
e
∮
∇bχdxb. (4.24)
The phase χ of Φ need not be single valued. The only physical requirement is
that Φ is single valued. So we can take χ = 2πm with m integer to have the flux
quantization relation
S = −2π
e
m. (4.25)
The integer m is called the winding number. Thus (4.19) allows a vortex solution
when the flux is quantized. It can be further shown by solving the equations of
motion that (4.19) allows in flat spacetimes a cylindrically symmetric, infinitely
long field configuration which is only non-zero within a compact region of space, i.e.
a string solution.
For convenience of calculations we parametrize Φ and Aa as [48],
Φ = ηXeiχ, Aa =
1
e
[Pa −∇aχ] . (4.26)
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For vortex or string-like solutions we are looking for, we have seen that the phase
χ of Φ is multiple valued outside the string. On the other hand, χ is single valued
inside the string core, so the Lagrangian (4.19) inside the core with (4.26) becomes
L = −η2∇aX∇aX − η2X2PaP a − 1
4e2
FabF
ab − λη
4
4
(
X2 − 1
)2
, (4.27)
where Fab = ∇aPb−∇bPa. We will denote the core radius by ρ0. Due to the staticity
and the cylindrical symmetry of the spacetime, the matter fields X and Pa depend
on ρ only. Also for the vortex solution the magnetic flux must be directed along
z. This means that the gauge field Pa is azimuthal. So we can take the following
ansatz for X and Pa
X = X(ρ), Pa = P (ρ)∇aφ . (4.28)
Since we are looking for a string-like solution, the energy-momentum tensor is taken
to be non-zero only inside the string core (0 ≤ ρ < ρ0), and zero outside. Let
us first compute the components of the energy-momentum tensor corresponding
to the Lagrangian (4.27). The energy-momentum tensor Tab of any matter field
with action SM is defined with respect to the variation of the inverse metric g
ab
by Tab := − 2√−g
δSM
δgab
. Since the metric (4.2) with the boundary condition (4.3)
describes a general non-singular static cylindrically symmetric spacetime with or
without matter fields, we may use (4.2) to compute Tab for the Lagrangian (4.27).
Then the various non-vanishing components of energy momentum tensor Tab for the
configuration of (4.28) in cylindrical coordinates are
Ttt =
[
η2X ′2 +
η2X2P 2e−B
ρ2
+
P ′2e−B
2e2ρ2
+
λη4
4
(
X2 − 1
)2]
eA.
Tρρ =
[
η2X ′2 − η
2X2P 2se−B
ρ2
+
P ′2e−B
2e2ρ2
− λη
4
4
(
X2 − 1
)2]
.
Tφφ =
[
−η2X ′2 + η
2X2P 2e−B
ρ2
+
P ′2e−B
2e2ρ2
− λη
4
4
(
X2 − 1
)2]
ρ2eB.
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Tzz = −
[
η2X ′2 +
η2X2P 2e−B
ρ2
+
P ′2e−B
2e2ρ2
+
λη4
4
(
X2 − 1
)2]
eA. (4.29)
Let us now fix the boundary conditions for X(ρ) and P (ρ) following [48]. For the
string solution the Higgs field X(ρ) should vanish as we approach the axis ρ = 0, and
should approach its vacuum expectation value outside the string ρ ≥ ρ0. The gauge
field Aφ should accordingly approach −1
e
∂φχ away from the string and a constant on
the axis. We set this constant to be unity. In other words the boundary conditions
on the fields for the string-like solution would be
X → 0, P → 1 as ρ→ 0, and X → 1, P → 0 for ρ > ρ0. (4.30)
We now return to our main goal of solving Einstein’s equations Rab− 12Rgab+Λgab =
8πGTab with Λ > 0. The variation of the scalar and gauge field amplitudes X and P ,
and hence of the energy-momentum tensor Tab, Eq. (4.29), across the ‘string surface’
at ρ = ρ0 is a problem of considerable interest and has been studied numerically
by various authors (see e.g. [49, 103]). However, here we are concerned about the
existence of the cosmic string and its effect on the geodesic motion. Accordingly,
instead of trying to solve the Einstein equations with the full expression of Tab given
in Eq. (4.29), we will simplify the situation by assuming X = 0, P = 1 inside the
string core and X = 1, P = 0 outside. This means that the string core is assumed
to be entirely in the false vacuum of the Higgs field. Note that this guarantees that
the energy-momentum tensor (4.29) is identically zero outside the string core, on
the other hand inside the core now takes the form
Tab ≈ −λη
4
4
gab. (4.31)
The fields X(ρ) and P (ρ) are assumed to be smoothed out sufficiently rapidly at the
string surface at ρ = ρ0 so that the local conservation law for the energy-momentum
tensor ∇aT ab = 0 remains valid.
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Now we solve Einstein’s equations Gab + Λgab = 8πGTab or equivalently, Rab −
Λgab = 8πG
(
Tab − 12Tgab
)
with the general ansatz (4.2), the boundary condition
(4.3) and Tab given in Eq. (4.31). Inside the core 0 ≤ ρ < ρ0, Einstein’s equations
are then
Rµν −
(
Λ + 2πGλη4
)
gµν = 0, or equivalently,
Rµ
ν − Λ′δµν = 0, (4.32)
where
Λ′ = Λ + 2πGλη4 (4.33)
can be regarded as the ‘effective cosmological constant’ inside the core. Thus with
the general ansatz (4.2), Eq.s (4.32) will look the same as that of the vacuum
equations (4.4)-(4.6), except that Λ is now replaced by Λ′. Hence the solution in
this region subject to the boundary condition (4.3) is given by
ds2 ≈ cos 43 ρ
√
3Λ′
2
(
−dt2 + dz2
)
+
4
3Λ′
sin2
ρ
√
3Λ′
2
cos−
2
3
ρ
√
3Λ′
2
dφ2 + dρ2, (4.34)
i.e. the same as that of (4.17) with Λ replaced by Λ′. Let us now solve for the
vacuum region outside the string (ρ ≥ ρ0). The Einstein equations in this region are
given by (4.4)-(4.6). We note that here we cannot impose the boundary condition
(4.3) since the vacuum region ρ ≥ ρ0 for the present case does not include the axis
ρ = 0. However we note that for Tab = 0, the required solution must coincide with
(4.17). Keeping this in mind we see that the constant k4 appearing in Eq. (4.16)
does not equal
3Λ
4
for the present case. Instead, we take k4 = δ
−2 3Λ
4
, where δ is
another constant with the requirement that for Tab = 0 we have δ = 1. Thus the
vacuum solution for ρ ≥ ρ0 becomes
ds2 = cos
4
3
ρ
√
3Λ
2
(
−dt2 + dz2
)
+ δ2
4
3Λ
sin2
ρ
√
3Λ
2
cos−
2
3
ρ
√
3Λ
2
dφ2 + dρ2. (4.35)
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The constant δ is related to the deficit in the azimuthal angle φ. We have now to
determine δ.
In [104] the vortex solutions in the de Sitter space were studied perturbatively
and the authors proved the existence of this δ, but did not estimate it. Here we
evaluate δ in the following way. Let us first compute
1
2π
∫ ∫ √
g(2)dρdφ
(
Gt
t + Λ
)
(4.36)
on (ρ, φ) planes orthogonal to (∂t, ∂φ). g
(2) is the determinant of the spacelike
metric induced on these 2-planes. We compute Gt
t from the general ansatz (4.2)
and Eq. (1.5) to have
1
2π
∫ ∫ √
g(2)dρdφ8πGTt
t =
1
2π
∫ ρ0
ρ=0
∫ √
g(2)dρdφ
(
Gt
t + Λ
)
=
1
2π
∫ ρ0
ρ=0
∫
dρdφρe
B
2
[
A′′
2
+
B′′
2
+
A′2
4
+
A′B′
4
+
B′
ρ
+
A′
2ρ
+
B′2
4
+ Λ
]
=
1
2π
∫ ρ0
ρ=0
∫
dρdφ
[
ρe
B
2
(
A′2
4
+ Λ
)
+
(
ρe
B
2
A′
2
)′
+
(
ρe
B
2
)′′]
. (4.37)
We note that since δ = 1 when ρ < ρ0, we may take the azimuthal angle φ to vary
from 0 to 2π in this region. Thus we get from Eq. (4.37)
d
dρ
(
ρe
B
2
) ∣∣∣∣∣
ρ0
0
+
(
ρe
B
2
A′
2
) ∣∣∣∣∣
ρ0
0
= 4G
∫ ρ0
ρ=0
∫ 2π
0
√
g(2)dρdφTt
t −
∫ ρ0
0
dρρe
B
2
(
A′2
4
+ Λ
)
,
= −4Gµ−
∫ ρ0
0
dρρe
B
2
(
A′2
4
+ Λ
)
, (4.38)
where
µ := −
∫ 2π
0
∫ ρ0
0
dφdρρe
B
2 Tt
t ≈ πλη
4
√
3Λ′
∫ ρ0
0
dρ sin
ρ
√
3Λ′
2
cos−
1
3
ρ
√
3Λ′
2
=
πλη4
Λ′
[
1− cos 23 ρ0
√
3Λ′
2
]
(4.39)
is the string mass per unit length. To get the approximate expression for µ in
Eq. (4.39) we have used Tt
t = −λη
4
4
(Eq. (4.31)) inside the core which is due to our
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approximation X = 0 and P = 1 there. On the other hand, outside the core Tt
t = 0
identically, so we have used the metric functions B(ρ) or eB(ρ) from Eq. (4.34) to
evaluate the inside core integral.
Now let us evaluate the total derivative terms on the left hand side of Eq. (4.38).
In order to do this, we will use the interior metric of Eq. (4.34) at ρ = 0, but the
vacuum metric of Eq. (4.35) at the string surface ρ = ρ0. The reason for doing
this is the following. Since we have assumed the energy-momentum tensor to be
non-vanishing only within the string core, the right hand side of Eq. (4.37) will have
non-zero contributions only from 0 ≤ ρ ≤ ρ0 , as we have written. The integrand
on the left hand side Eq. (4.37) also vanishes outside the string core according to
vacuum Einstein equations Gab+Λgab = 0. Thus when we evaluate the left hand side
of Eq. (4.38), we must do so only up to the surface of the string ρ0, i.e., where the
energy-momentum tensor vanishes. But at that point we have the vacuum solution
of Eq. (4.35), so that is what we should use at the upper limit of the integration.
Thus we find from Eq. (4.38)
1− δ
(
cos
2
3
ρ0
√
3Λ
2
− 1
3
cos−
4
3
ρ0
√
3Λ
2
sin2
ρ0
√
3Λ
2
)
= 4Gµ+
∫ ρ0
0
dρρe
B
2
(
Λ +
A′2
4
)
.
(4.40)
The integrals on the right hand side of Eq. (4.40) cannot be evaluated explicitly,
since neither the integrand can be written as a total derivative, nor do we know
the detailed behavior of the fields or the metric near the string surface at ρ = ρ0 .
However, we may make an estimate of these integrals using the expressions of the
metric coefficients inside the core. This means that we ignore the details of the fall
off of the energy-momentum tensor near ρ = ρ0 and we take the metric functions
(4.34) up to ρ0. Then using A and B from the metric of Eq. (4.34) we obtain from
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Eq. (4.40) an approximate expression for δ,
δ =
1− 4Gµ− 2Λ
Λ′
(
1− cos 23 ρ0
√
3Λ′
2
)
+ 1
3
(
1− cos− 43 ρ0
√
3Λ′
2
)
+ 2
3
(
1− cos 23 ρ0
√
3Λ′
2
)
(
cos
2
3
ρ0
√
3Λ
2
− 1
3
cos−
4
3
ρ0
√
3Λ
2
sin2 ρ0
√
3Λ
2
) .
(4.41)
This result may be compared with one obtained in [105] where the authors considered
point particles of equal masses m as source and solved Einstein’s equations in (2+1)-
dimensional de Sitter space. The particles may be considered to be punctures created
in spacelike planes by an infinitely thin long string, i.e., a δ-function string. A conical
singularity away from the string was found, with an angle deficit δ = (1 − 4Gm).
Our result, Eq. (4.41), includes corrections dependent on Λ, which we may think of
as coming from the finite thickness of the string.
Now let us try to simplify Eq. (4.41) for a realistic situation as the following. First
we observe that the size of the core ρ0 for a thin string is of the order of (
√
λη)−1 , at
least when the winding number is small [106]. This is essentially because the metric
is flat on the axis ρ = 0 and hence we may approximate ρ0 for a thin string by its
flat spacetime value. Also the scale of symmetry breaking η is small compared to
the Planck scale in theories of particle physics in which cosmic strings appear. For
example, the grand unified scale is about 1016 GeV, so that Gη2 ∼ 10−3 . Further,
the observed value of Λ is of the order of 10−52 m−2 and the cosmological horizon
has size ∼ O(Λ− 12 ) which is of course, very large. Therefore we also have for a
thin string, ρ20Λ≪ 1 . Next we expand Gµ using the expression given in Eq. (4.39),
we find µ =
π
4
λη4ρ20 approximately, and thus Gµ ∼ Gη2 ≪ 1 for the GUT scale
strings. We also find under these assumptions an approximate expression for δ from
Eq. (4.41),
δ ≈ 1− 4Gµ
(
1 +
3
4
ρ20Λ +Gµ
)
. (4.42)
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Since the string radius is much smaller than the cosmological horizon size (ρ0
√
Λ≪
1), Eq. (4.42) shows that the leading correction to δ due to the cosmological constant
Λ is of a higher order of smallness. The meaning of δ is obvious in spacetimes with
vanishing cosmological constant, for which Eq. (4.40) was worked out in e.g. [41] (see
also [49]). It was found that δ ≈ (1− 4Gµ), where Gµ≪ 1 as before, and O(G2µ2)
terms were neglected. Then asymptotically one gets the cylindrically symmetric
flat spacetime with a conical singularity called the Levi-Civita spacetime given by
Eq. (1.63). In this spacetime the azimuthal angle φ runs from 0 to 2πδ, which
is less than 2π. So Eq. (1.63) is the Minkowski spacetime minus a wedge which
corresponds to a deficit 2π(1 − δ) in the azimuthal angle. The difference of initial
and final azimuthal angles of a null geodesic i.e., light ray in the geometrical optics
approximation, at ρ → ∞ is π
δ
[49]. Therefore light bends towards the string even
though the curvature of spacetime is zero away from the axis. Thus one may regard
the bending of light in the asymptotic region ρ→∞ as the gravitational analogue
of the Aharanov-Bohm effect.
Thus we have seen that for a positive cosmological constant, the metric in the
exterior of the string is given by Eq. (4.35) and approximate expressions for the
defect term δ is given in Eq. (4.41) or Eq. (4.42). We compare Eq. (4.35) with the
string-free vacuum solution of Eq. (4.17) to see that, similar to the asymptotically
flat spacetime, the deficit in the azimuthal angle in spacetime with a positive cos-
mological constant is also 2π(1− δ) , but now with δ given by Eq.s (4.41) or (4.42).
Also we have already argued that the Λ correction to δ is very tiny for realistic cases
like GUT strings.
However the bending of null geodesics will be quite different in (4.35) from that
in an asymptotically flat cosmic string spacetime. The difference comes from the
background curvature produced by Λ. Let us now look into this effect.
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Since our spacetime (4.35) has a translational isometry along (∂z)
a, for the sake
of simplicity we can consider null geodesics on the z = 0 plane. On this plane we
consider the two other Killing fields (∂t)
a and (∂φ)
a. We recall that if ξa is a Killing
field, then for any geodesic with tangent vector ua, the quantity gabu
aξb is conserved
along the geodesic.1
We will refer to the conserved quantities associated with these two Killing fields as
the energy E and the angular momentum L respectively. We have for the spacetime
(4.35),
E = −gabua(∂t)b = cos 43 ρ
√
3Λ
2
t˙, (4.43)
and
L = gabu
a(∂φ)
b = δ2
4
3Λ
sin2
ρ
√
3Λ
2
cos−
2
3
ρ
√
3Λ
2
φ˙, (4.44)
where the ‘dot’ denotes differentiation with respect to an affine parameter s along
the geodesic. Also using the expression for the metric (4.35) for the null geodesics
on the z = 0 plane we have
0 = gabu
aub = − cos 43 ρ
√
3Λ
2
t˙2 + ρ˙2 + δ2
4
3Λ
sin2
ρ
√
3Λ
2
cos−
2
3
ρ
√
3Λ
2
φ˙2
= − E
2
cos
4
3
ρ
√
3Λ
2
+ ρ˙2 +
3ΛL2
4δ2 sin2 ρ
√
3Λ
2
cos−
2
3
ρ
√
3Λ
2
, (4.45)
where Eq.s (4.43) and (4.44) have been used to eliminate t˙ and φ˙. From Eq.s (4.44)
and (4.45) we now obtain
dφ
dρ
=
3ΛL
4Eδ2
cos
4
3
ρ
√
3Λ
2
sin2 ρ
√
3Λ
2
[
1− 3ΛL2
4E2δ2
cot2 ρ
√
3Λ
2
] 1
2
. (4.46)
1See Appendix
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Since both (ρ, φ) are smooth functions of the affine parameter s, the derivative on
the left hand side of Eq. (4.46) is well defined. By setting ρ˙ = 0 in Eq. (4.45) we find
the distance of closest approach to the string, also known as the impact parameter,
ρc =
2√
3Λ
tan−1
√
3ΛL
2Eδ
. (4.47)
Let us now consider a null geodesic in the region between the string surface ρ0
and the singularity at ρ =
π√
3Λ
. We look at it when it is traveling between two
spacetime points (t1, ρm, φ1) and (t2, ρm, φ2) in the same region. We have kept
the initial and final radial distances equal (= ρm) for simplicity of interpretation
only.
The spacetime we are considering has a rotational isometry along (∂φ)
a. This
means that we can always rotate, without any loss of generality, a radial line going
through ρ = 0 and joining φ = 0 and φ = π, to make it perpendicular to the radial
line joining ρ = 0 and ρ = ρc. Then, since we have chosen the observed initial and
final radial points to be equal (= ρm), the radial line joining ρ = 0 and ρ = ρc
divides a (ρ, φ) plane into two symmetric halves. Thus the spacelike part of the
trajectory of the geodesic is symmetric about the line joining ρ = 0 and ρc and the
change in the azimuthal angle due to this trajectory obtained from Eq. (4.46) is
∆φ = φ2 − φ1 = 3ΛL
4Eδ2
∫ (ρm φ2)
(ρm φ1)
cos
4
3
ρ
√
3Λ
2
sin2 ρ
√
3Λ
2
[
1− 3ΛL2
4E2δ2
cot2 ρ
√
3Λ
2
] 1
2
dρ
=
3ΛL
2Eδ2
∫ ρm
ρc
cos
4
3
ρ
√
3Λ
2
sin2 ρ
√
3Λ
2
[
1− 3ΛL2
4E2δ2
cot2 ρ
√
3Λ
2
] 1
2
dρ. (4.48)
Eq. (4.48) along with the expression for ρc, Eq. (4.47), determines the change of φ
with ρ. The full expression for the integral in Eq. (4.48) is rather messy and we will
look at two special cases only, to have some insight. First, we consider ρ to be much
smaller than the radius of the cosmological singularity
(
ρ≪ π√
3Λ
)
. Keeping only
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up to quadratic terms of the trigonometric functions in Eq. (4.48), we then have
approximately
∆φ ≈ 2
δ
sec−1
(√
1 + k2
ρEδ
L
) ∣∣∣∣∣
ρm
ρc
− 4k
3δ
√
1 + k2
(
ρ23Λ
4
− k
2
1 + k2
) 1
2
∣∣∣∣∣
ρm
ρc
, (4.49)
where k =
√
3ΛL
2Eδ
. The second term in Eq. (4.49) is negative and hence the repulsive
effect of positive Λ is manifest in this term. In the Λ → 0 limit only the first term
survives. In that case ρc =
L
Eδ
and in the limit ρm →∞, we recover the well known
formula ∆φ =
π
δ
[49].
Next, near the naked singularity located at ρ =
π√
3Λ
, we approximate cos ρ
√
3Λ
2
≈(
π
2
− ρ
√
3Λ
2
)
and integrate Eq. (4.48) to get
∆φ ≈ −6k
δ
1
7
(
π
2
− ρ
√
3Λ
2
) 7
3
+
k2
26
(
π
2
− ρ
√
3Λ
2
) 13
3
+ . . .

ρm
ρc
. (4.50)
4.2. Black hole pierced by a string
In the previous Section we have discussed a static cylindrically symmetric free cos-
mic string spacetime. In this Section we will discuss cosmic strings stretching be-
tween the horizons of a spherically symmetric de Sitter black hole, namely the
Schwarzschild-de Sitter black hole.
4.2.1. Case 1. Non-self gravitating string
Let us first consider a static and non-gravitating cylindrical distribution of energy-
momentum corresponding to the Abelian Higgs model (4.27). It was shown in [44]
that if a cosmic string pierces the horizon of a Schwarzschild black hole, the resulting
spacetime has a conical singularity as well. In [47] it was shown by considering the
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equations of motion of the matter fields that an Abelian Higgs string (for both self
gravitating and non-self gravitating energy-momentum) can pierce a Schwarzschild
black hole. In the following we will adopt the method described in [47] to establish
that both the horizons of a Schwarzschild-de Sitter black hole can be similarly pierced
by a non-gravitating Nielsen-Olesen string.
First we derive the equations of motion for the fields X and P from (4.27),
∇a∇aX −XPaP a − λη
2
2
X
(
X2 − 1
)
= 0, (4.51)
∇aF ab − 2e2η2X2P b = 0. (4.52)
We consider for a moment the flat spacetime metric written in cylindrical coordinates
ds2 = −dt2 + dρ2 + dz2 + ρ2dφ2, (4.53)
and take the scalar field X to be cylindrically symmetric, X = X(ρ). Also, we
take the gauge field Pa to be azimuthal and cylindrically symmetric as well : Pa =
P (ρ)∇aφ. Then with this ansatz the equations of motion (4.51) and (4.52) in the
flat background (4.53) become
d2X
dρ2
+
1
ρ
dX
dρ
− XP
2
ρ2
− X
2
(X2 − 1) = 0, (4.54)
d2P
dρ2
− 1
ρ
dP
dρ
− 2e
2
λ
X2P = 0. (4.55)
In Eq.s (4.54) and (4.55) we have scaled ρ by
(√
λη
)−1
to convert it to a dimen-
sionless radial coordinate. These are the equations which were shown in [48] to
have string-like solutions. We wish to show that these equations hold also in the
Schwarzschild-de Sitter background spacetime up to a very good approximation if
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the string thickness is small compared to the black hole horizon size, and if we
neglect the backreaction of the string on the metric.
We consider the Schwarzschild-de Sitter metric written in the spherical polar
coordinates
ds2 = −
(
1− 2MG
r
− Λr
2
3
)
dt2 +
(
1− 2MG
r
− Λr
2
3
)−1
dr2 + r2dΩ2. (4.56)
As we discussed in Section 1.2, for 3MG
√
Λ < 1, solutions to gtt = 0 give three
horizons in this spacetime − the black hole event horizon at r = rH, the cosmological
horizon at r = rC and an ‘unphysical horizon’ at r = rU with rU < 0. We discussed
that since the observed value of Λ is very small we can take 3MG
√
Λ ≪ 1 for a
realistic situation and we then have
rH ≈ 2GM, rC ≈
√
3
Λ
, (4.57)
with rU = − (rH + rC). Thus Eq.s (4.57) show that under the condition 3MG
√
Λ≪
1, we have rH ≪ rC and hence rU ≈ −rC. The string we are looking for is thin
compared to the horizon size rH, i.e. we assume further that
1√
λη
≪ 2MG≪
√
3
Λ
. (4.58)
We now expand the field equations in the Schwarzschild-de Sitter background (4.56).
In other words, we neglect the backreaction on the metric due to the string. Then
Eq. (4.51) becomes
1
r2
∂r
[
r2
(
1− 2MG
r
− Λr
2
3
)
∂rX
]
+
1
r2 sin2 θ
∂θ (sin θ∂θX)
− XP
2
r2 sin2 θ
− λη
2
2
X (X − 1) = 0. (4.59)
For the string solution the matter distribution is cylindrically symmetric. For con-
venience of calculations we consider a string along the axis θ = 0, although our
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arguments will be valid for θ = π as well. Let us define as before a dimensionless
cylindrical radial coordinate ρ = r
√
λη sin θ. For a cylindrically symmetric matter
distribution both (X, P ) will be functions of ρ only. With this we now write the r
and θ derivatives of Eq. (4.59) in terms of ρ derivatives to have(
sin2 θ − 2MG
√
λη sin3 θ
ρ
− Λρ
2
3
) [
d2X
dρ2
+
2
ρ
dX
dρ
]
+
(
2MG
√
λη sin3 θ
ρ2
− 2Λρ
3
)
dX
dρ
+
[
1
ρ
dX
dρ
cos2 θ − 1
ρ
dX
dρ
sin2 θ +
d2X
dρ2
cos2 θ
]
− XP
2
ρ2
− 1
2
X (X − 1) = 0,
(4.60)
where Λ = Λ
λη2
is a dimensionless number which by Eq. (4.58) is much less than
unity. We note that inside the core, sin θ ≪ 1 and the dimensionless string radius ρ
is less than unity. We also have then,
2MG
√
λη sin3 θ
ρ
=
2MG
r
sin2 θ≪ 1, 2MG
√
λη sin3 θ
ρ2
=
2MG
ρr
sin2 θ ≪ 1. (4.61)
Putting these in all together, Eq. (4.60) reduces to Eq. (4.54), i.e. the flat space
equation of motion for the Abelian Higgs model in the leading order. Outside the
string core (ρ > 1), we may as before set X = 1. Thus we may conclude that
Eq. (4.60), and hence Eq. (4.59) gives rise to a configuration of the scalar field X(ρ)
similar to that of the Nielsen-Olesen string under the reasonable assumptions we
have made. A similar calculation for the gauge field equation (4.52) shows that it
reduces to Eq. (4.55). These are sufficient to show that the Schwarzschild-de Sitter
spacetime allows a thin and uniform Nielsen-Olesen string along the axis θ = 0 in
the region rH < r < rC.
However from the calculations done above we cannot conclude how the string
behaves at or near the horizons. The two horizons at rH and rC are two coordinate
singularities in the metric in Eq. (4.56). Clearly we cannot expand the field equations
in this singular coordinate system at or around the horizons. In order to perform
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this expansion we need to use maximally extended charts which will be free from
coordinate singularities, and has only the curvature singularity at r = 0. So following
the procedure described in Chapter 1 for the de Sitter spacetime, let us first construct
Kruskal-like patches at the two horizons to remove the two coordinate singularities.
We first construct a Kruskal-like patch for the black hole horizon rH. We consider
radial (θ, φ = constant), null geodesics (ds2 = 0) in the Schwarzschild-de Sitter
spacetime, (
1− 2MG
r
− Λr
2
3
)
dt2 =
(
1− 2MG
r
− Λr
2
3
)−1
dr2
⇒ dt
dr
= ± 1(
1− 2MG
r
− Λr2
3
) ,
(4.62)
which means along such geodesics
t = ±r⋆ + constant, (4.63)
where r⋆ is the tortoise coordinate defined by
r⋆ =
∫
dr(
1− 2MG
r
− Λr2
3
) . (4.64)
In order to integrate Eq. (4.64), we break the integrand into partial fractions
1(
1− 2MG
r
− Λr2
3
) = − 3r
Λ (r − rH) (r − rU) (r − rC) =
[
α
r − rH +
β
r − rC +
γ
r − rU
]
,
(4.65)
where α, β, γ are three constants. Solving Eq. (4.65) we find them to be
α =
3rH
Λ (rC − rH) (rH − rU) , β = −
3rC
Λ (rC − rH) (rC − rU) , γ = −
3rU
Λ (rC − rU) (rH − rU) .
(4.66)
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Substituting Eq.s (4.65) and (4.66) into Eq. (4.64) and integrating we find
r⋆ =
3
Λ
[
rH
(rC − rH) (rH − rU) ln
∣∣∣∣ rrH − 1
∣∣∣∣− rC(rC − rH) (rC − rU) ln
∣∣∣∣ rrC − 1
∣∣∣∣
− rU
(rC − rU) (rH − rU) ln
∣∣∣∣ rrU − 1
∣∣∣∣
]
. (4.67)
We note that r⋆ → −∞(+∞) as one reaches rH(rC). In the (t, r⋆) coordinates the
radial part of (4.56) becomes
ds2radial =
(
1− 2MG
r
− Λr
2
3
) (
−dt2 + dr2⋆
)
, (4.68)
where r is understood as a function of the new coordinate r⋆ and can be found from
Eq. (4.67). We also note from Eq. (1.32) that we have always rHrCrU = −6MGΛ .
Then we have(
1− 2MG
r
− Λr
2
3
)
= −ΛrHrCrU
3r
[
r
rH
− 1
] [
r
rC
− 1
] [
r
rU
− 1
]
=
2MG
r
[
r
rH
− 1
] [
r
rC
− 1
] [
r
rU
− 1
]
. (4.69)
Now let us define the outgoing and incoming null coordinates (u, v) as
u = t− r⋆, and v = t + r⋆. (4.70)
With these null coordinates and Eq. (4.69) the radial metric (4.68) becomes
ds2radial = −
2MG
r
[
r
rH
− 1
] [
r
rC
− 1
] [
r
rU
− 1
]
dudv. (4.71)
Using Eq. (4.67) we eliminate
(
r
rH
− 1
)
from Eq. (4.71) to get
ds2radial = −
2MG
r
e
v−u
2α
∣∣∣∣ rrU − 1
∣∣∣∣1−
γ
α
∣∣∣∣ rrC − 1
∣∣∣∣1−
β
α
dudv. (4.72)
Now we define timelike and spacelike Kruskal coordinates (T , Y ) by
T :=
e
v
2α − e− u2α
2
; Y :=
e
v
2α + e−
u
2α
2
. (4.73)
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From Eq.s (4.67), (4.70) we find that T and Y satisfy the following relations
Y 2 − T 2 =
[
r
rH
− 1
]
e
β
α
ln
∣∣∣ rrC−1∣∣∣+ γα ln∣∣∣ rrU−1∣∣∣, (4.74)
T
Y
= tanh
(
t
2α
)
, (4.75)
which show that at r = rH, t → ±∞, i.e. we have future and past horizons. In
terms of (T , Y ), the full spacetime metric of Eq. (4.56) finally becomes
ds2 =
8MGα2
r
∣∣∣∣ rrU − 1
∣∣∣∣1−
γ
α
∣∣∣∣ rrC − 1
∣∣∣∣1−
β
α
(
−dT 2 + dY 2
)
+ r2dΩ2, (4.76)
where r as a function of (T, Y ) is understood and can be found from Eq. (4.74).
The metric (4.76) is manifestly nonsingular at r = rH. Thus (T , Y ) indeed define a
well behaved coordinate system around the black hole event horizon. The Kruskal
diagram at the black hole event horizon of the Schwarzschild-de Sitter black hole
shows features similar to the black hole horizons of asymptotically flat spacetimes.
When r → rH(≈ 2MG, under our approximation), from Eq. (4.74) we have after
scaling r →√ληr to get a dimensionless variable,
r ≈ 2MG
√
λη + 2MG
√
λη
[
e
− β
α
ln
∣∣∣ 2MGrC −1∣∣∣− γα ln∣∣∣ 2MGrU −1∣∣∣] (Y 2 − T 2) . (4.77)
We now expand the Higgs field equation of motion (4.51) in the vicinity of the
black hole event horizon rH ≈ 2GM using the analytically extended chart (4.76).
Denoting the conformal factor of the (T, Y ) part of (4.76) by f(T, Y ), Eq. (4.51)
becomes
1
fλη2
[
−∂2TX + ∂2YX −
2
r
(∂TX) (∂T r) +
2
r
(∂YX) (∂Y r)
]
+
1
r2 sin2 θ
∂θ (sin θ∂θX)− XP
2
r2 sin2 θ
− X
2
(X − 1) = 0, (4.78)
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where any r appearing above is understood (and also will be understood below)
as dimensionless (r →√ληr), whereas T and Y are dimensionless according to our
definition, Eq.s (4.73). Using Eq. (4.77) we have the following derivatives of r(T, Y )
in the vicinity of the black hole horizon,
∂T r = −AT, ∂Y r = AY, (4.79)
where A = 4MG
√
ληe
− β
α
ln
∣∣∣ 2MGrC −1∣∣∣− γα ln∣∣∣ 2MGrU −1∣∣∣. We also compute the following
derivatives of the scalar field X(ρ)
∂TX =
∂X
∂ρ
∂ρ
∂r
∂r
∂T
= −AT sin θ∂X
∂ρ
, (4.80)
∂YX = AY sin θ
∂X
∂ρ
, (4.81)
∂2TX = −A sin θ
∂X
∂ρ
+ A2T 2 sin2 θ
∂2X
∂ρ2
, (4.82)
∂2YX = A sin θ
∂X
∂ρ
+ A2Y 2 sin2 θ
∂2X
∂ρ2
. (4.83)
where ρ = r sin θ, with r dimensionless as mentioned before, is the dimensionless
transverse radial coordinate. Substituting Eq.s (4.79)-(4.83) into Eq. (4.78), and
converting as before the θ-derivatives into ρ-derivatives we have
1
fλη2
[
A2
(
Y 2 − T 2
)
sin2 θ
d2X
dρ2
+ 2A sin θ
dX
dρ
+
2
ρ
(
Y 2 − T 2
)
A2 sin2 θ
dX
dρ
]
+
(
1
ρ
dX
dρ
cos2 θ − 1
ρ
dX
dρ
sin2 θ +
d2X
dρ2
cos2 θ
)
− XP
2
ρ2
− X
2
(
X2 − 1
)
= 0. (4.84)
Let us now compare the various terms in Eq. (4.84) using Eq.s (4.57), (4.58). Using
Eq. (4.66),
1
fλη2
≈ 1
16G2M2λη2
, hence
A2
fλη2
≈ 1. Hence A
fλη2
∼ O(A−1) which is
much less than unity. For a thin string we have as before sin θ ≪ 1 inside the core.
Also, Eq. (4.74) or (4.77) shows that the quantity (Y 2 − T 2) becomes infinitesimal
as r → rH ≈ 2GM . We further have as r → rH, 2A sin θ
fλη2
=
sin θ
2GM
√
λη
≈ sin
2 θ
ρ
.
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Putting these in all together, we see that Eq. (4.84) reduces to the Nielsen-Olesen
equation (4.54) in the leading order.
A similar procedure can be applied to Eq. (4.52), which reduces to the gauge field
equation (4.55) up to a very good approximation.
The chart defined in Eq. (4.76) is however manifestly singular at the cosmological
horizon r = rC. So for calculations at the cosmological horizon, we have to use
another Kruskal-like chart nonsingular there. We derive the following
ds2 =
8MGβ2
r
∣∣∣∣ rrU − 1
∣∣∣∣1− γβ ∣∣∣∣ rrH − 1
∣∣∣∣1−αβ (−dT ′2 + dY ′2)+ r2dΩ2, (4.85)
where T ′ and Y ′ are respectively the Kruskal timelike and spacelike coordinates at
the cosmological horizon :
T ′ : =
e
v
2β − e− u2β
2
, Y ′ :=
e
v
2β + e−
u
2β
2
,
Y ′2 − T ′2 =
[
1− r
rC
]
e
α
β
ln
∣∣∣ rrH−1∣∣∣+ γβ ln∣∣∣ rrU−1∣∣∣, T ′
Y ′
= tanh
(
t
2β
)
, (4.86)
where (α, β, γ) are given by Eq. (4.66) and the null coordinates (u, v) are given
by Eq.s (4.70), (4.67). The chart (4.85) is well defined at or around r = rC. This
can be derived exactly in the same manner as (4.76).
Following exactly the same procedure as before we can show that Eq.s (4.51),
(4.52) reduce to flat space Eq.s (4.54), (4.55) respectively, in the leading order.
Thus the flat space equations of motion hold on both black hole and cosmological
horizons. We also note that, replacing
(
r
rH
− 1
)
and
(
1− r
rC
)
in Eq.s (4.74) and
(4.86) by their respective modulus, we can make the coordinate systems described
in Eq.s (4.76) and (4.85) well behaved beyond the horizons also (i.e. regions with
r < rH, and r > rC). Then we may also use these charts to expand the field
equations in regions infinitesimally beyond the horizons. For r → (rH−0) the scalar
field equation (4.84) still holds and the quantity (Y 2 − T 2) is still infinitesimal which
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can be neglected anyway. Similar arguments using the chart of Eq. (4.85) show that
for the region r → (rC + 0) the desired string equations exist.
Thus we have seen that with the string-like boundary conditions on X and P and
the approximations of Eq. (4.58), the configuration of cylindrically symmetric non-
gravitating matter fields are like the Nielsen-Olesen string within, at or even slightly
beyond the horizons of a Schwarzschild-de Sitter black hole. Hence we conclude that
a Schwarzschild-de Sitter black hole can be pierced by a thin Nielsen-Olesen string
if the back reaction of the matter distribution to the background spacetime can be
ignored.
4.2.2. Case 2. Self gravitating string
Finally we come to the topic of the backreaction of the string on the Schwarzschild-
de Sitter spacetime. If we place a string along the z-axis, in the most general case
the metric functions will be z-dependent. If we set the cosmological constant to be
zero in Eq. (4.56), the resulting (Schwarzschild) spacetime would be asymptotically
flat. Then we could use Weyl coordinates [107] to write the metric in an explicitly
static and axisymmetric form,
ds2 = −B2dt2 + ρ2B−2dφ2 + A2
[
dρ2 + dz2
]
, (4.87)
where the functions A and B depend on (ρ, z) only. It would be relatively easy to
determine the existence of cosmic strings from the equations of motion of the gauge
and Higgs fields written in these coordinates. In particular, using these coordinates
it was shown in [47] by iteratively solving the Einstein equations that if a thin and
self gravitating Abelian Higgs string pierces the horizon of a Schwarzschild black
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hole, the resulting spacetime has a conical singularity at the exterior of the string
ds2 = −
(
1− 2MG
r
)
dt2 +
(
1− 2MG
r
)−1
dr2 + r2
(
dθ2 + (1− 4Gµ)2 dφ2
)
,
(4.88)
where µ is the string mass per unit length.
On the other hand, when the cosmological constant is non-vanishing, it is no
longer possible to write down the metric in the form of Eq. (4.87). In fact if one
tries to solve the Λ-vacuum Einstein equations Rab − 12Rgab + Λgab = 0 with the
ansatz (4.87), one would get Λ = 0 identically. It turns out that with a Λ, positive
or negative, we must take gρρ 6= gzz in Eq. (4.87). But with this even the vacuum
Einstein equations become extremely difficult to handle. We were unable to find a
suitable generalization of the Weyl coordinates, which are needed to solve Einstein’s
equations coupled to the gauge and Higgs fields of the Abelian Higgs model.
However, we can bypass this problem and still find an approximate solution for
the exterior of a thin string in the following way. We first note that inside the
string core and near the axis (θ = 0, π), we can set X ≈ 0 and P ≈ 1. Then
the Lagrangian (4.27) in that region becomes L ≈ −λη
4
4
. This gets added to the
cosmological constant as before to give Λ′ given in Eq. (4.33). With this ‘modified
cosmological constant’ Λ′ if we solve Einstein’s equations inside the string core and
near the axis with a spherically symmetric ansatz, we get
ds2 = −
(
1− 2MG
r
− Λ
′r2
3
)
dt2 +
(
1− 2MG
r
− Λ
′r2
3
)−1
dr2 + r2dθ2 + r2 sin2 θdφ2,
(4.89)
i.e. the Schwarzschild-de Sitter spacetime with a modified cosmological constant.
Outside the string core we have Λ-vacuum and we choose the following ansatz for
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this region :
ds2 = −
(
1− 2MG
r
− Λr
2
3
)
dt2 +
(
1− 2MG
r
− Λr
2
3
)−1
dr2 + r2dθ2 + δ2r2 sin2 θdφ2,
(4.90)
where δ is a constant to be determined. It can be checked that (4.90) indeed satisfies
Gab − Λgab = 0.
In order to determine δ we first note that for the Schwarzschild-de Sitter spacetime
in spherical coordinates (t, r, θ, φ), we can define a transverse radial coordinate
R = r sin θ for the string core. If the string is very thin compared to the black
hole (and hence the cosmological horizon) we have R ≪ r inside the core for any
rH ≤ r ≤ rC. Then inside the core we may define new coordinates (t, r, R, φ) to
replace the polar angle θ by R to have
dR = dr sin θ − r cos θdθ ≈ −rdθ⇒ dR2 ≈ r2dθ2, (4.91)
for a thin string placed along θ = 0 or θ = π.
So we make a general ansatz for the metric inside the core for a thin string
ds2 = −A2(r, R)dt2 +B2(r, R)dr2 + dR2 + C2(r, R)dφ2. (4.92)
We note that Eq. (4.89) is only a special case of (4.92) with R = r sin θ, A2(r, R) =
B−2(r, R) =
(
1− 2MG
r
− Λ′r2
3
)
, C(r, R) = R. On the other hand since the string is
very ‘thin’, Eq. (4.90) also describes a special case of (4.92) just outside the string
core with the same R and A2(r, R) = B−2(r, R) =
(
1− 2MG
r
− Λr2
3
)
, C(r, R) = δR.
Next, we use the Killing identity for the azimuthal Killing field φa = (∂φ)
a for
(4.92), ∇a∇aφb = −Rabφa, and contract by φb. We also note that the Killing vector
field φa in the spacetime (4.92) is orthogonal to the (t, r, R) hypersurfaces. Then
following exactly the same way which led to Eq. (2.7), we now obtain
∇a∇aC2 = 4(∇aC)(∇aC)− 2Rabφaφb. (4.93)
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Next we project Eq. (4.93) over the (t, r, R) hypersurfaces exactly in the same
manner as discussed in Chapter 2. We denote the induced connection over those
hypersurfaces by D˜a and we have
D˜a
(
CD˜aC2
)
= 2C
[
2
(
D˜aC
) (
D˜aC
)
− Rabφaφb
]
⇒ D˜aD˜aC = −C−1Rabφaφb. (4.94)
Since (∂t)
a is also a Killing field for (4.92), we may similarly further project this
equation onto the (r, R) surfaces to find
Da
(
AD
a
C
)
= −C−1ARabφaφb, (4.95)
where Da denotes the induced connection over the (r, R) surfaces. In order to
determine δ in Eq. (4.90), we will integrate Eq. (4.95) up to the string surface R0.
The situation greatly simplifies if we assume as before that within the string core
(0 ≤ R < R0), we have X ≈ 0, P ≈ 1, i.e. Tab ≈ −λη
4
4
gab, and X = 1, P = 0 for
R ≥ R0, i.e. Tab = 0, so that using Einstein’s equations we find inside the core,
Rabφ
aφb = 8πG
(
Tab − 1
2
Tgab
)
φaφb + ΛC2 ≈ −8πGTttgφφ + ΛC2
=
(
−8πGTtt + Λ
)
C2. (4.96)
Also under this assumption, the inside core metric is entirely given by (4.89), so
that we ignore the r dependence of C(r, R), and the R dependence of A(r, R) and
then Eq. (4.95) simplifies to,
Da
(
D
a
C
)
= −C−1Rabφaφb = C
[
8πGTt
t − Λ
]
, (4.97)
using Eq. (4.96). We also note that under the same approximation, we can ignore
the R dependence of B. Then the left hand side of Eq. (4.97) equals
∂2C
∂R2
. With
this, let us now integrate Eq. (4.97) in the following way,∫ R0
R=0
dR
∂2C
∂R2
=
1
2π
∫ R0
R=0
∮
dRdφC
[
8πGTt
t − Λ
]
. (4.98)
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We define the string mass per unit length µ by
µ := −
∫ R0
R=0
dR
∮
dφCTt
t, (4.99)
so that Eq. (4.98) becomes
∂C
∂R
∣∣∣∣∣
R0
R=0
= −4Gµ−
∫ R0
R=0
dRCΛ. (4.100)
Then using C(R → 0) = R and C(R) = δR for the inside core and outside core
metric functions we have
δ = (1− 4Gµ)−
∫ R0
R=0
dRCΛ. (4.101)
To evaluate the integral of Eq. (4.101), we have to know the details of how C varies
across the string surface at R = R0. However, as before we can make an estimate of
that term by taking entirely the inside core value C = R. Then the above further
simplifies to
δ =
(
1− 4Gµ− ΛR
2
0
2
)
. (4.102)
Thus we have shown that under our approximations, the exterior of a thin self-
gravitating Abelian Higgs string in the Schwarzschild-de Sitter spacetime also ex-
hibits a conical singularity
ds2 = −
(
1− 2MG
r
− Λr
2
3
)
dt2 +
(
1− 2MG
r
− Λr
2
3
)−1
dr2 + r2dθ2
+
(
1− 4Gµ− ΛR0
2
2
)2
r2 sin2 θdφ2. (4.103)
This generalizes the result of [105] for the 3-dimensional de Sitter space without
black hole. The limit R0 → 0 recovers the result for a string of vanishing thickness.
It remains as an interesting task to study the motion of null geodesics for (4.103)
since this would exhibit both the attractive effect due to the string and repulsive
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effect due to ambient positive Λ, as the free cosmic string spacetime we studied
earlier. Generalization of the spacetime (4.103) for rotating case would also be
interesting since in such spacetimes an additional repulsive effect due to the rotation
should be present.
123
5. Thermodynamics and Hawking
radiation in the Schwarzschild-de
Sitter spacetime
In this Chapter we will discuss thermodynamics and particle creation or the Hawking
radiation in the Schwarzschild-de Sitter spacetime.
We reviewed in the first Chapter the problem of defining a positive definite mass
function and thermodynamics in the Schwarzschild-de Sitter spacetime [13, 59, 60,
61]. In Section 5.1, we will give a simple and alternative derivation of Eq. (1.65)
using the mass function derived in [59]. This will motivate us to study particle
creation in the Schwarzschild-de Sitter spacetime.
We mentioned in Chapter 1 that the very first approach to explain and compute
particle creation by the cosmological event horizon appeared in [13], using the path
integral formalism developed in [69]. The arguments are the following. In the max-
imally extended spacetime diagram at the cosmological event horizon (Fig. 1.1),
region III is endowed with a past directed timelike Killing field. So in this region
a ‘particle’ can have negative energy. If a particle-antiparticle pair is produced
in this region, the particle with negative energy or the antiparticle resides within
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it whereas the positive energy particle propagates through region IV and finally
emerges through C− in region I. Hence an observer located in region I will register
an incoming particle at asymptotic late time. The ratio of probabilities for a par-
ticle to emerge from C− and to disappear through C+ was shown to be of the type
∼ e− 2πEκC , where E is the positive energy of a particle and κC is the surface gravity of
the cosmological event horizon. This shows that the incoming particle flux from the
cosmological horizon is thermal with a temperature
κC
2π
. For a de Sitter spacetime
with a black hole, for example the Schwarzschild-de Sitter spacetime, the region
between the cosmological and the black hole horizons were separated by a thermally
opaque membrane and particle creation by each of the horizons were studied in-
dependently. To explain particle creation by black hole a particle-antiparticle pair
was considered just outside the black hole event horizon. The antiparticle with a
negative energy is swallowed by the hole whereas the particle with a positive energy
moves away. The ratio of probabilities for a particle to emerge from the black hole
horizon and to move into it was shown to be like ∼ e− 2πEκH , where κH is the surface
gravity of the black hole event horizon. This shows that the black hole radiates with
a temperature
κH
2π
. On the other hand, the arguments same as that of the de Sitter
space were used to show that the cosmological horizon also emits thermal radiation
with temperature
κC
2π
.
A quantum field theoretic approach for particle creation near the horizons of
a de Sitter black hole background was developed in [108]. This approach does
not consider division of the region between the two horizons into two thermally
disconnected part. The set of two different Kruskal-like coordinates were used to
make mode expansions at the two horizons. The Bogoliubov coefficients between
these modes were computed. It was shown that the particle spectra at the two
horizons are non-thermal since the surface gravities of the two horizons are in general
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different. The exceptions to this are the 3MG
√
Λ = 1 limit of the Schwarzschild-de
Sitter spacetime and also the Q → MG limit of the Reissner-No¨rdstrom-de Sitter
solution (Eq. (1.27)), in each of which the surface gravities of the black hole and the
cosmological horizons become equal.
The semiclassical tunneling method [70]-[75] is an alternative approach to model
particle creation by black holes using relativistic single particle quantum mechanics
in the WKB approximation scheme. The goal of this method is to compute the imag-
inary part of the ‘particle’ action which gives the emission or absorption probability
from the event horizon. From the expression of these probabilities one identifies the
temperature of the radiation. The earliest work in this context can be found in [70].
Following these works an approach called the null geodesic method was developed
in [71, 72]. There is also another way to model black hole evaporation via tunneling
called the complex path analysis [73, 74, 75] which we will discuss in this Chapter.
This method involves writing down in the semiclassical limit h¯ → 0 a Hamilton-
Jacobi equation from the matter equations of motion, treating the horizon as a
singularity in the complex plane and then complex integrating the equation across
that singularity to obtain an imaginary contribution for the particle action. Both
these two alternative approaches have received great attention during last few years.
Since both of these methods deal only with the near horizon geometry, they can be
useful alternatives particularly when the spacetime has no well defined asymptotic
structure or infinities.
So far as we neglect the backreaction of the matter fields, the temperature of the
radiation or the Hawking temperature should not depend upon the parameters, e.g.
mass, spin, and charge, of the particle species. The Smarr formula for black hole
mechanics predicts that this temperature is proportional to the surface gravity of the
event horizon for a stationary black hole with a Killing horizon [66]. This is known
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as the universality of the Hawking radiation. The complex path analysis approach
has been successfully applied to scalar emissions as well as to spinor emissions sep-
arately for a wide class of stationary black holes giving the expected expressions of
Hawking temperatures in terms of the horizons’ surface gravities. To tackle Dirac
equation in this approach the usual method has been employed, i.e. finding a proper
representation of the general γ matrices in terms of the Minkowskian γ’s and the
metric functions and then making the variable separation. For an exhaustive review
and list of references on this we refer our reader to [76]. Thus the universality of the
Hawking temperature has been proved case by case for a wide variety of black holes
via the complex path method. Can we prove this universality from a more general
point of view?
In particular, in this Chapter we will show that for the Dirac spinors we do not
need to work with any particular representation of the γ matrices in the semiclas-
sical framework. We will demonstrate in a coordinate independent way that for an
arbitrary spacetime with any number of dimensions, the equations of motion for a
Dirac spinor, a vector, spin-2 meson and spin-
3
2
fields reduce to the Klein-Gordon
equations in the semiclassical limit h¯→ 0 for the usual WKB ansatz. The equations
for a charged Dirac spinor reduce to that of a charged scalar. This clearly shows
that at the semiclassical level all those different equations of motion of various par-
ticle species are equivalent and it is sufficient to deal with the scalar equation only.
We will also present for a stationary spacetime with some reasonable geometrical
properties and a Killing horizon, a general coordinate independent expression for
the emission probability and the temperature of radiation. We will see that this
temperature is independent of any parameter concerning the particle species. Hav-
ing proven the universality of particle emission from an arbitrary Killing horizon,
we will discuss Hawking radiation in the Schwarzschild-de Sitter spacetime explic-
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itly. But before we go into that, we will present below an alternative derivation of
the Smarr formula (1.65) using the mass function derived in [59]. To compare our
results with the literature, we will set G = 1 throughout this Chapter.
5.1. The Smarr formula
A mass function for the Schwarzschild-de Sitter spacetime is given by [59]
U =M. (5.1)
We will perform the variation of this mass function subject to the change of the
black hole mass parameter M , assuming Λ to be a universal constant.
As we have seen in Chapter 1, the Schwarzschild-de Sitter spacetime has three
horizons (rH, rC, rU) when 3M
√
Λ < 1. The black hole (rH) and the cosmological
horizon (rC) are given by
rH =
2√
Λ
cos
[
1
3
cos−1
(
3M
√
Λ
)
+
π
3
]
, rC =
2√
Λ
cos
[
1
3
cos−1
(
3M
√
Λ
)
− π
3
]
.
(5.2)
Let us first consider the black hole horizon (rH). Since the spacetime is spherically
symmetric, we define the area of the horizon to be
AH = 4πr
2
H. (5.3)
Squaring the first of Eq.s (5.2) and substituting Eq. (5.3) into it, we find
AH =
16π
Λ
cos2
(
θ
3
+
π
3
)
⇒ cos
(
θ
3
+
π
3
)
=
√
ΛAH
16π
⇒ θ
3
= cos−1
√
ΛAH
16π
− π
3
, (5.4)
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where cos θ = 3M
√
Λ, so that,
cos θ = 3M
√
Λ = cos
3 cos−1
√
ΛAH
16π
− π
 = − cos
3 cos−1
√
ΛAH
16π

= −4
(
ΛAH
16π
) 3
2
+ 3
(
ΛAH
16π
) 1
2
,
(5.5)
where the identity cos θ = 4 cos3 θ
3
− 3 cos θ
3
has been used. Eq.s (5.5) thus give
M(AH) = −4Λ
3
(
AH
16π
) 3
2
+
(
AH
16π
) 1
2
. (5.6)
Now we rewrite the mass function U in Eq. (5.1) in terms of the new variable, i.e.
the black hole horizon area AH,
U(AH) = −4Λ
3
(
AH
16π
) 3
2
+
(
AH
16π
) 1
2
. (5.7)
We take the variation of Eq. (5.7) to get
δU(AH) =
− 2Λ
(16π)
3
2
(AH)
1
2 +
1
2 (16πAH)
1
2
 δAH. (5.8)
Let κH be the surface gravity of the black hole event horizon. It is given by the
derivative of the norm of the timelike Killing field at the black hole horizon [1],
κH =
1
2
∂r
(
1− 2M
r
− Λr
2
3
)
r=rH
=
(
M
rH2
− ΛrH
3
)
. (5.9)
Substituting Eq.s (5.3), (5.6) into it we find
κH = −Λ
2
√
AH
4π
+
√
π
AH
. (5.10)
Combining this with Eq. (5.8) we obtain
δU(AH) =
κH
8π
δAH. (5.11)
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Similarly we have
δU(AC) = −κC
8π
δAC, (5.12)
where AC and κC are respectively the area and the surface gravity of the cosmological
horizon,
AC = 4πr
2
C, κC = −
1
2
∂r
(
1− 2M
r
− Λr
2
3
)
r=rC
=
Λ
2
√
AC
4π
−
√
π
AC
. (5.13)
Combining Eq.s (5.11) and (5.13) we obtain
κHδAH + κCδAC = 0, (5.14)
which is the Smarr formula first derived in [13] using a different mass function.
We note also that Eq. (5.11) or Eq. (5.13) are formally similar to Eq. (1.64). This
indicates that both black hole and the cosmological horizons of the Schwarzschild-
de Sitter spacetime should have similar individual thermodynamical properties and
there may be thermal radiation coming from both them at temperatures
κH
2π
and
κC
2π
respectively. To see this is really the case, we will now go into the study of particle
creation via semiclassical complex path analysis. To exhibit the quantum nature of
particle emission, we will retain h¯ in the following.
5.2. Particle creation via complex path
5.2.1. Reduction of the semiclassical Dirac equation into scalar
equations
Let us start by considering a spacetime of dimension n, and a metric gab defined on
it. We consider the Dirac equation
iγa∇aΨ = −m
h¯
Ψ. (5.15)
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∇a is the spin covariant derivative defined by ∇aΨ := (∂a + Γa)Ψ, where Γa are
the spin connection. The matrices γa(x) are the curved space generalization of the
Minkowskian γ(µ). We expand γa in an orthonormal basis ea(µ), γ
a = γ(µ)ea(µ) : µ =
0, 1, 2, . . . , (n−1), where the Greek indices within bracket denote the local Lorentz
indices. In terms of γ(µ) and ea(µ), the spin connection matrices Γa take the form (see
e.g. [57]),
Γa =
1
8
[
γ(µ), γ(ν)
]
− e
b
(µ)∇ae(ν)b. (5.16)
We also have by definition gabe(µ)a e
(ν)
b = η
(µ)(ν) where η(µ)(ν) is the inverse metric
for the n-dimensional Minkowski spacetime. The γ(µ) satisfy the well known anti-
commutation relation:
[
γ(µ), γ(ν)
]
+
= 2η(µ)(ν)I, where I denotes the n × n identity
matrix.
The expansion of γa in terms of the orthonormal basis {ea(µ)}, and the anti-
commutation relation for γ(µ)’s give
[
γa, γb
]
+
= 2gabI. (5.17)
Now we square Eq. (5.15) by acting with iγb∇b on both sides from left, producing
1
2
[
γb, γa
]
+
∇b∇aΨ+ 1
4
[
γb, γa
]
− [∇b, ∇a] Ψ +
(
γb∇bγa
)
∇aΨ = m
2
h¯2
Ψ.
(5.18)
Using ∇aΨ = ∂aΨ + ΓaΨ, the commutativity of the partial derivatives and the
anti-commutation relation for γa in Eq. (5.17), Eq. (5.18) becomes
∇a∇aΨ+ 1
4
[
γa, γb
]
−
[
∂[aΓb] + Γ[aΓb]
]
Ψ+
(
γb∇bγa
)
∇aΨ = m
2
h¯2
Ψ. (5.19)
We will look at Eq. (5.19) semiclassically. We choose the usual WKB ansatz for the
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4-component wave function
Ψ =

f1(x)e
iI1(x)
h¯
f2(x)e
iI2(x)
h¯
f3(x)e
iI3(x)
h¯
f4(x)e
iI4(x)
h¯

, (5.20)
where fi(x) and Ii(x) are independent of h¯. We substitute this into Eq. (5.19).
Since we are neglecting backreaction of the matter field, the metric functions do
not depend upon h¯. Thus Γa given in Eq. (5.16) are independent of h¯. Then it
is clear that in the semiclassical limit h¯ → 0, on the left hand side of Eq. (5.19)
only the first term survives because only this one contains some second derivatives
of Ψ, which are of O
(
h¯−2
)
. The single derivative terms coming from the Laplacian
will certainly not survive in the semiclassical limit, but we will formally keep the
Laplacian∇a∇a intact till later when we will discuss its expansion explicitly. Thus in
the semiclassical limit, the WKB ansatz (5.20) implies that Eq. (5.19) can formally
be represented by four Klein-Gordon equations
∇a∇aΨ− m
2
h¯2
Ψ = 0. (5.21)
If we consider a Dirac particle with a charge e coupled to a classical gauge field Aa,
the spin covariant derivative ∇a in Eq. (5.15) is replaced by the gauge covariant
derivative ∇˜a ≡ ∇a − ieh¯Aa, so that the equation of motion becomes
iγa∇aΨ+ e
h¯
γaAaΨ = −m
h¯
Ψ. (5.22)
We now apply from the left
(
iγb∇b + eh¯γbAb
)
on both sides of this equation. Using
Eq.s (5.17), (5.18) and (5.19) we obtain
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∇a∇aΨ+ 1
4
[
γa, γb
]
−
[
∂[aΓb] + Γ[aΓb]
]
Ψ+
(
γb∇bγa
)
∇aΨ− e
2
h¯2
(
AbA
b
)
Ψ
+
2ie
h¯
Aa∇aΨ− ie
h¯
[(
γb∇bγa
)
Aa +
1
4
[
γa, γb
]
− Fab + (∇aA
a)
]
Ψ =
m2
h¯2
Ψ, (5.23)
where Fab = ∇[aAb]. We now substitute the general ansatz of Eq. (5.20) into
Eq. (5.23) and take the semiclassical limit h¯ → 0. Since Ab is a classical gauge
field, both Ab and Fab are independent of h¯. We keep only the terms of O(h¯−2) to
see that in this limit Eq. (5.23) can formally be represented by four equations
∇a∇aΨ− e
2
h¯2
(
AbA
b
)
Ψ+
2ie
h¯
Aa∇aΨ− m
2
h¯2
Ψ = 0, (5.24)
each of which has the form of the equation of motion of a scalar particle with charge
e and mass m.
What have we seen so far? We have dealt with neutral and charged Dirac spinors
and have explicitly shown in a coordinate independent way that, for the semiclassical
WKB ansatz all those equations of motion are equivalent to that of scalars in any
arbitrary spacetime. We will show explicitly in Section 5.3 that similar conclusions
hold also for the Proca field, massive spin-2 and spin-
3
2
fields. But before that we
wish to discuss the explicit expansions and the near horizon limits of Eq.s (5.21),
(5.24) in a stationary spacetime containing a Killing horizon. We will address only
the charged Dirac spinor or equivalently the charged scalar, since the other case is
equivalent to setting e = 0.
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5.2.2. Particle emission from a Killing horizon
Derivation of the general formula
We wish to present in the following a general coordinate independent expression for
the emission or absorption probability from a Killing horizon in a stationary space-
time. Let us first construct the geometrical setup using definitions and assumptions
we make.
We consider an n-dimensional stationary spacetime endowed with Killing fields
(ξa, {φia}), where i = 1, 2, . . . , m. ξa is the timelike Killing field which generates
stationarity and {φia} are the spacelike Killing fields generating other isometries of
the spacetime, for example, spherical or axisymmetry etc. However we do not need
to specify these spacelike isometries explicitly. The assumption of stationarity will
let us provide a meaningful notion of the ‘particle’ energy. We assume that the
Killing fields commute with each other,
[ξ, φi]a = £ξφ
ia = 0, [φi, φj]a = £φiφ
ja = 0, (5.25)
for all i, j = 1, 2, . . . , m. We assume that the spacetime can be foliated into a
family of spacelike hypersurfaces Σ of dimension (n − 1), orthogonal to a timelike
vector field χa with norm −β2. We further assume that the hypersurface orthogonal
vector field χa, orthogonal to {φia} or any spacelike field, can be written as a linear
combination of all the Killing fields
χa = ξa + α
i(x)φia, χ
aχa = −β2, (5.26)
where {αi(x)}|mi=1 are smooth spacetime functions. If we set {αi(x)}|mi=1 = 0, we
recover an n-dimensional static spacetime. Since χa is orthogonal to all {φia}, the
functions αi(x) can be determined by solving m algebraic equations constructed
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from contracting Eq. (5.26) by φja,
ξaφ
ja + αi(x)
(
φiaφ
ja
)
= 0, j = 1, 2, . . . , m. (5.27)
Thus αi(x) are functions of the inner products (ξ · φi, φi · φj). Then Eq. (5.25)
implies
£ξα
i(x) = 0 = £φjα
i(x),
£χα
i(x) = £ξα
i(x) + αj£φjα
i(x) = 0, for all i, j = 1, 2, . . . , m. (5.28)
Then following exactly the same procedure described in Chapter 2 we can show
that over any β2 = 0 surface H, the functions αi(x) become constants and hence
the vector field χa is Killing over H,
χaχa|H = −β2|H = 0, χa|H = χaH : ∇(aχHb) = 0. (5.29)
This means that the null surfaceH is the true or Killing horizon of the spacetime. We
note that χa is not necessarily a Killing field everywhere because αi(x) are in general
neither zero nor constants but it is Killing at least over H by our construction.
Let us now write the spacetime metric gab as
gab = −β−2χaχb + λ−2RaRb + γab, (5.30)
where Ra is a spacelike vector field orthogonal to χa, and λ2 is the norm of Ra. γab
represents the (n − 2)-dimensional spacelike portion of the metric well behaved on
or in an infinitesimal neighborhood of H, orthogonal to both χa and Ra.
Using Killing’s equation we have ∇(aχb) = φi(a∇b)αi(x), so that
χaχb∇aχb = −1
2
χa∇aβ2 = 1
2
χaχbφi(a∇b)αi(x) = 0, (5.31)
where we have used the orthogonality χaφia = 0. Eq. (5.31) shows that ∇aβ2 is
everywhere orthogonal to χa and hence it is spacelike when χa is timelike, so we
may choose Ra = ∇aβ2 in Eq. (5.30).
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To look at the behavior of ∇aβ2 over H we follow the same procedure described
in Chapter 2. We write χa = ρ∇au to have over H
∇aβ2 = −2κχHa, (5.32)
where κ is a function over H. Eq. (5.32) shows that due to the torsion-free condition,
χH[a∇bχHc] = 0 which means H is a null hypersurface. Eq. (5.32) also shows that
∇aβ2 is null over H since χaH is null over H, vanishing both as O(β2). We note
that the choice Ra = ∇aβ2 is not unique, we could have multiplied ∇aβ2 by some
function non-diverging over H. But we will retain this choice for our convenience.
An expression for κ can easily be found from Eq. (5.32) and the Frobenius condi-
tion [1],
4κ2 =
(∇aβ2) (∇aβ2)
β2
∣∣∣∣∣H. (5.33)
Then it turns out that κ is a constant over the horizon. We call κ to be the Killing
horizon’s surface gravity.
Let R be the parameter along Ra = ∇aβ2. Then we have
RaRa = λ
2 =
(
∇aβ2
) (
∇aβ2
)
= Ra∇aβ2 = dβ
2
dR
, (5.34)
which along with Eq. (5.33) means over H we have
1
β2
dβ2
dR
= 4κ2. (5.35)
With the choice of Ra we have made, it is clear that the metric (5.30) becomes
doubly null over H. We note that Eq. (5.30) can readily be realized in its doubly
null form for a static spherically symmetric spacetime by employing the usual (t, r⋆)
coordinates, where r⋆ is the tortoise coordinate, as we have seen in Chapter 4 for
the Schwarzschild-de Sitter spacetime.
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For n > 4, the uniqueness and other general properties of spacetimes are not
very well understood and there may exist more general stationary spacetimes than
mentioned above. However we will see that for known stationary exact solutions the
above construction will be sufficient.
Let us now expand explicitly Eq. (5.24) with the ansatz of Eq. (5.20). We find
for h¯→ 0,
−gab∂aI∂bI − e2gabAaAb − 2eAb∂bI −m2 = 0, (5.36)
where we have suppressed the index of I since each of them satisfy the same equation.
Substituting the expression of gab from Eq. (5.30) into it we find
λ2 (χa∂aI − ef)2 − β2 (Ra∂aI + eg)2 − (βλ)2
[
γab∂
aI∂bI + e2γabA
aAb
−2eγabAa∂bI +m2
]
= 0, (5.37)
where f = −χaAa, and g = RaAa. Now we will look at Eq. (5.37) in the near
horizon limit. By our assumption the metric functions γab are well behaved over the
horizon H. So γabAaAb is non divergent over H. Also examples with g 6= 0 seem to
be unknown in the literature. So we will set g = 0 in Eq. (5.37) and write Eq. (5.37)
in the near horizon limit as
λ2 (χa∂aI − ef)2 − β2 (Ra∂aI)2 − (βλ)2
[
γab∂
aI∂bI − 2eγabAa∂bI
]
= 0. (5.38)
To further simplify Eq. (5.38), let us choose an orthogonal basis {mai }n−2i=1 for γab
and let θi be the parameter along each m
a
i . Let us consider the first term within the
square brackets. This is a sum of the squares of (n− 2) Lie derivatives:
γab∂
aI∂bI =
1
m21
(£m1I)
2 +
1
m22
(£m2I)
2 + . . . , (5.39)
where m2i is the norm of each m
a
i , by our definition which are non-zero finite over H.
Since I is a scalar those Lie derivatives are partial derivatives along the respective
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parameters :
£miI = m
a
i ∂aI = ∂θiI, for all i = 1, 2, . . . , n− 2. (5.40)
We will now check whether the terms within the square bracket in Eq. (5.38) are di-
vergent onH. Let us suppose that infinitesimally close toH the following divergence
occur
γab∂
aI∂bI =
D(x)
β2
, (5.41)
where D(x) is bounded on or in an infinitesimal vicinity of H and independent of β
at leading order. Then Eq. (5.35) implies that D(x) is also independent of R over
H
∂RD(x) = (∂β2D(x))
dβ2
dR
= 4κ2β2 (∂β2D(x))→ 0. (5.42)
Since the metric functions γab are well behaved over H the divergence of γab∂aI∂bI
arises from the Lie derivatives (∂θiI)
2. For simplicity we will suppose that the
divergence comes from a single Lie derivative which is the i-th one. We can easily
generalize our calculations for more than one diverging term. Let us take near the
horizon
∂θiI = ±
Ci(x)
β
, (5.43)
where Ci(x) is a non-diverging function independent of β in the leading order on or
infinitesimally close to H, and hence by Eq. (5.42) is independent of R over H.
Thus by our construction the divergence of the second term within the square
bracket in Eq. (5.38) comes from (∂θiI) which, by Eq. (5.43) is O(β−1). So this term
can be neglected with respect to the quadratic term (∂θiI)
2, which is divergent over
H as O(β−2). Hence comparing Eq.s (5.41), (5.43) we have
D(x) =
C2i (x)
m2i
. (5.44)
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Using Eq. (5.35) we obtain from Eq. (5.43) the following divergence on or infinites-
imally close to H,
∂2I
∂R∂θi
= ∓2κ
2Ci(x)
β
. (5.45)
On the other hand we can write Eq. (5.38) near H in the leading order now as
(∂RI) = ±λ
β
[
(χa∂aI − ef)2 −D(x)
] 1
2
. (5.46)
We will take the partial derivative of Eq. (5.46) with respect to θi over H. By Eq.s
(5.34), (5.35) we have
(
λ
β
)2 ∣∣∣∣∣H = 4κ2 which is a constant over H. This means that
∂θiκ = 0 over H. Since the vector field χaH is Killing over H, the term (χaH∂aI − ef)
is a conserved quantity, i.e. a constant. We interpret this term to be the conserved
effective energy E of a ‘particle’ with charge e, with −ef as the electrostatic potential
energy on the horizon. So using Eq. (5.45) and the commutativity of the partial
derivatives we find that the partial derivative of Eq. (5.46) with respect to θi gives
the following O(β−1) divergence over H
∂2I
∂θi∂R
= ∓ κ∂θiD(x)
[E2 −D(x)] 12
= ∓2κ
2Ci(x)
β
= ∓2κ
2[m2i (x)D(x)]
1
2
β
⇒ ∂θiD(x) =
2κ[m2i (x)D(x) (E
2 −D(x))] 12
β
, (5.47)
using Eq. (5.44). Taking partial derivative with respect to β and using the commu-
tativity of the partial derivatives, we find ∂θi(∂βD(x)) to be divergent as O(β−2) on
H. Since β is a constant (= 0) tangent to H, we have ∂θiβ = 0 on H, and Eq. (5.47)
thus contradicts the fact that D(x) is bounded and independent of β in the leading
order on H. So Eq. (5.41) cannot be true. Similarly we can show that the term
γab∂
aI∂bI cannot be divergent as O(β−n) for any n > 2. Thus β2γab∂aI∂bI = 0 on
the horizon.
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With all these, we now integrate Eq. (5.38) across the horizon
I± = ±
∫
H
λ
β
(χaH∂aI − ef) dR = ±
∫
H
(χaH∂aI − ef)
2κ
dβ2
β2
, (5.48)
where in the last step we have used Eq. (5.35). Since β2 = 0 on H, the above
integration cannot be performed in real space. So we have to complexify the path
and lift the singularity in the complex plane.
We will now integrate Eq. (5.48) across H along an appropriate complex path
or contour containing the singularity β2 = 0 following the prescription of [70]-[75].
Since both the quantities (χaH∂aI − ef) and κ are constants on H, we can take them
out from the integration. The multiple sign comes from the fact that there will
be modes which are incoming as well as which are outgoing. For +(−) sign in
Eq. (5.48) we choose anti-clockwise contours in the upper-half (lower-half) complex
planes yielding
I+ =
iπ (χaH∂aI − ef)
2κ
, I− = −iπ (χ
a
H∂aI − ef)
2κ
. (5.49)
On the other hand, if we take for +(−) sign clockwise contours in the lower-half
(upper-half) complex planes we find instead
I+ = −iπ (χ
a
H∂aI − ef)
2κ
, I− =
iπ (χaH∂aI − ef)
2κ
. (5.50)
From the ansatz (5.20) we see that the probability densities
(
∼
∣∣∣ei Ih¯ ∣∣∣2) associated
with solutions (5.49) are
P+ ∼
∣∣∣eiI+ ∣∣∣2 = exp(−π (χaH∂aI − ef)
h¯κ
)
, P− ∼
∣∣∣eiI− ∣∣∣2 = exp(π (χaH∂aI − ef)
h¯κ
)
,
(5.51)
whereas the probability densities corresponding to (5.50) are
P+ ∼ exp
(
π (χaH∂aI − ef)
h¯κ
)
, P− ∼ exp
(−π (χaH∂aI − ef)
h¯κ
)
. (5.52)
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Now we have to identify the emission and absorption probabilities. To do this we
recall that classically there could be no emission from a Killing horizon. Taking
h¯ → 0 limit we find P+ → 0 in Eq. (5.51) and P− → 0 in Eq. (5.52) whereas
the others diverge. So we identify P+(P−) as emission probability PE in Eq. (5.51)
(Eq. (5.52)) and the others as the absorption probabilities PA. In any case taking
the ratio of the single particle emission to absorption probability we find
PE
PA
∼ exp
(− (χaH∂aI − ef)
h¯κ
2π
)
. (5.53)
We have interpreted earlier the term (χaH∂aI − ef) as the conserved energy of a
particle. Then Eq. (5.53) shows that the emission from a Killing horizon is thermal
and the emitted particles have a temperature proportional to the Killing horizon’s
surface gravity,
TH =
h¯κ
2π
, (5.54)
which one expects from the predictions of the black hole thermodynamics, also we
have shown that this is true for any Killing horizon as well.
In the next Section we will demonstrate that the known non-trivial stationary
solutions satisfy our assumptions. Then we shall go into discussing the case of the
Schwarzschild-de Sitter spacetime. Precisely, by taking one particular solution it
will be sufficient to show that a vector field χa exists, which can be written as a
linear combination of commuting Killing fields in the form of Eq. (5.26), that χa is
orthogonal to a family of spacelike hypersurfaces Σ, and χa becomes null and Killing
over a surface H defining the Killing horizon. We have seen that all the other things
follow from this.
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Some explicit examples
Let us start with the simplest case of a Killing horizon in the flat spacetime, namely
the Rindler spacetime
ds2 = −a2x2dt2 + dx2 + dy2 + dz2, (5.55)
where a is a constant having the dimension of inverse length. For many interesting
geometrical properties of the Rindler spacetime we refer our reader to e.g. [1, 14].
We first note that this spacetime has a timelike Killing field (∂t)
a with norm
−a2x2, which becomes null at x = 0. We mentioned earlier that the necessary
and sufficient condition for a subspace to form a hypersurface is the existence of a
Lie algebra among the vectors spanning that subspace. Since the coordinate vector
fields (∂x)
a, (∂y)
a, (∂z)
a commute with each other, the spacelike 3-surfaces spanned
by these vector fields form a family of spacelike hypersurfaces, Σ. Thus the Rindler
spacetime trivially satisfies our assumptions with χa = (∂t)
a, and x = 0 is the Killing
horizon, called the Rindler horizon. The surface gravity κ of the Rindler horizon
can be computed from Eq. (5.33)
κ = a, (5.56)
and thus the temperature of emission from the Rindler horizon is TH =
h¯a
2π
, which
matches with the Unruh temperature [14].
Next we consider the charged Kerr black hole
ds2 = −∆− a
2 sin2 θ
Σ
dt2 − 2a sin
2 θ (r2 + a2 −∆)
Σ
dtdφ
+
(r2 + a2)
2 −∆a2 sin2 θ
Σ
sin2 θdφ2 +
Σ
∆
dr2 + Σdθ2, (5.57)
where
Σ = r2 + a2 cos2 θ, ∆(r) = r2 + a2 +Q2 − 2Mr ≥ 0. (5.58)
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a and Q are the parameters specifying rotation and charge respectively. The gauge
field of this solution is Aa = −Qr
Σ
[
(dt)a − a sin2 θ(dφ)a
]
.
We first define χa := (∂t)
a − gtφ
gφφ
(∂φ)
a, such that χa(∂φ)
a = 0 everywhere. The
coordinate Killing fields (∂t)
a and (∂φ)
a commute. For ∆ → 0 we have χaχa =
−β2 ≈ − ∆Σ
(r2+a2)2−∆a2 sin2 θ ≤ 0. So χa is timelike for ∆ > 0 and becomes null at
∆(r) = 0⇒ rH =M ±
√
M2 − a2 −Q2. (5.59)
The subspace spanned by the coordinate vector fields (∂r)
a, (∂θ)
a, (∂φ)
a commute
with each other, thereby forming a family of spacelike hypersurfaces. At r = rH, we
find that,
χa|H = χaH = (∂t)a −
gtφ
gφφ
(rH)(∂φ)
a = (∂t)
a +
a
r2H + a
2
(∂φ)
a, (5.60)
which is Killing and null. Thus we have specified the required hypersurface orthog-
onal vector field χa which becomes null and Killing over the horizon. It is the larger
root of Eq. (5.59) which denotes the black hole event horizon and concerns us.
Thus we see that the charged Kerr-black hole spacetime satisfies our assumptions.
The emission probability is given by Eq. (5.53), with the surface gravity of the black
hole horizon is computed to be
κ =
(M2 − a2 −Q2) 12
2M
[
M + (M2 − a2 −Q2) 12
]
−Q2
, (5.61)
and f = −AaχaH = −
QrH
r2H + a
2
. The temperature of emission or the Hawking tem-
perature is given by Eq. (5.54), which was earlier obtained in [78, 79] by explicitly
solving the semiclassical Dirac equation by the method of separation of variables.
We will consider next some examples from higher dimensions. First we consider
non-extremal rotating charged black hole solution of five dimensional minimal super-
gravity with two different rotation parameters (a, b) written in the Boyer-Lindquist
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coordinates [109],
ds2 = −
[
∆θ (1 + g
2r2)
ΣaΣb
− ∆
2
θ (2mρ
2 − q2 + 2abqg2ρ2)
ρ4Σ2aΣ
2
b
]
dt2 +
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
+
[
(r2 + a2) sin2 θ
Σa
+
a2 (2mρ2 − q2) sin4 θ + 2abqρ2 sin4 θ
ρ4Σ2a
]
dφ2
+
[
(r2 + b2) cos2 θ
Σb
+
b2 (2mρ2 − q2) cos4 θ + 2abqρ2 cos4 θ
ρ4Σ2b
]
dψ2
− 2∆θ sin
2 θ [a (2mρ2 − q2) + bqρ2 (1 + a2g2)]
ρ4Σ2aΣb
dtdφ
− 2∆θ cos
2 θ [b (2mρ2 − q2) + aqρ2 (1 + b2g2)]
ρ4ΣaΣ2b
dtdψ
+
2 sin2 θ cos2 θ [ab (2mρ2 − q2) + qρ2 (a2 + b2)]
ρ4ΣaΣb
dφdψ, (5.62)
where ρ2 =
(
r2 + a2 cos2 θ + b2 sin2 θ
)
, ∆θ =
(
1− a2g2 cos2 θ − b2g2 sin2 θ
)
, Σa =
(1−a2g2), Σb = (1−b2g2) and ∆r =
[
(r2+a2)(r2+b2)(1+g2r2)+q2+2abq
r2
− 2M
]
≥ 0. The pa-
rameters M, a, b, q specify respectively the mass, angular momenta and the charge
of the black hole and g is a real positive constant. The gauge field corresponding to
the charge q is given by Aa =
√
3q
ρ2
(
∆θ
ΣaΣb
(dt)a − a sin2 θΣa (dφ)a − b cos
2 θ
Σb
(dψ)a
)
.
We first note that the solution (5.62) has three commuting coordinate Killing
vector fields (∂t)
a, (∂φ)
a and (∂ψ)
a. Also, the spacelike coordinate basis vector fields
(∂φ)
a, (∂ψ)
a, (∂θ)
a, (∂r)
a commute with each other, so that the spacelike 4-surfaces
spanned by them are hypersurfaces. Let us next construct a vector field χa,
χa := (∂t)
a − (gtφgψψ − gtψgφψ)
(gφφgψψ − (gψφ)2)(∂φ)
a − (gtψgφφ − gtφgφψ)
(gφφgψψ − (gψφ)2)(∂ψ)
a, (5.63)
so that χa(∂φ)
a = 0 = χa(∂ψ)
a everywhere. Thus the vector field χa is orthogonal to
the family of spacelike hypersurfaces Σ, spanned by (∂φ)
a, (∂ψ)
a, (∂θ)
a, (∂r)
a. Also
as ∆r → 0, the norm of χa is χaχa = −β2 = − ρ2r4∆r[(r2+a2)(r2+b2)+abq]2 +O(∆2r) ≤ 0. Thus
χa becomes null over the surface ∆r = 0 and timelike outside it. Let r = rH be the
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largest root of ∆r = 0. Then at r = rH, the vector field χ
a becomes
χaH = (∂t)
a + Ωφ(∂φ)
a + Ωψ(∂ψ)
a, (5.64)
where
Ωφ = − (gtφgψψ − gtψgφψ)
(gφφgψψ − (gψφ)2)
∣∣∣∣∣
r=rH
=
a(r2H + b
2)(1 + g2r2H) + bq
(r2H + a
2)(r2H + b
2) + abq
,
Ωψ = − (gtψgφφ − gtφgφψ)
(gφφgψψ − (gψφ)2)
∣∣∣∣∣
r=rH
=
b(r2H + a
2)(1 + g2r2H) + aq
(r2H + a
2)(r2H + b
2) + abq
. (5.65)
Thus we have constructed the timelike vector field χa orthogonal to a family of
spacelike hypersurfaces Σ, and which becomes null and Killing on the surface r = rH.
Thus r = rH is the Killing or black hole horizon H of the spacetime (5.62). The
ratio of the emission to absorption probabilities and the Hawking temperature of
this Killing horizon are given by Eq.s (5.53), (5.54), with
κ =
r4H [1 + g
2(2r2H + a
2 + b2)]− (ab+ q)2
rH [(r2H + a
2)(r2H + b
2) + abq]
, (5.66)
and f = −AaχaH = −
√
3qrH
(r2+a2)(r2+b2)+abq
. This matches with the prediction from the
Smarr formula of (5.62) derived in [109], as well as the result of [80] obtained by
explicit solution of the semiclassical Dirac equation by method of separation of
variables.
It can be easily verified using the same methods as above that Eq.s (5.53), (5.54)
hold and recover the desired results for the (4+1)-dimensional stationary solutions
with Killing horizons, such as squashed Kaluza-Klein black hole [110, 111], a black
string [110, 112], black hole solutions of z = 4 Horava-Lifshitz gravity [113] and
toroidal black hole solutions of [114]. We shall not go into demonstrating them
here.
Our scheme also applies very easily to an n-dimensional Myres-Perry black hole
with a single rotation parameter a [115],
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ds2 = −dt2 + (r2 + a2) sin2 θdφ2 + µ
rn−5Σ
(
dt− a sin2 θdφ
)2
+
rn−5Σ
rn−5(r2 + a2)− µdr
2 + Σdθ2 + r2 cos2 θdΩn−4, (5.67)
where the parameters µ, a represent respectively the mass and angular momentum
of the black hole, Σ = r2+a2 cos2 θ and dΩn−4 represents the metric over an (n−4)-
sphere. It is easy to check that the required vector field χa is given by (∂t)
a− gtφ
gφφ
(∂φ)
a.
After this necessary digression for checking the validity of our assumptions for
different cases, finally let us discuss the scenario for the Schwarzschild-de Sitter
spacetime (1.24). As we have seen earlier, this spacetime has a timelike Killing field
χa = (∂t)
a orthogonal to the family of spacelike hypersurfaces spanned by (∂r)
a,
(∂θ)
a and (∂φ)
a. For 3M
√
Λ ≤ 1, the norm of the timelike Killing field vanishes
at two points rH ≤ rC. Thus rH and rC are the Killing horizons of the spacetime
namely, the black hole and the cosmological horizon. Thus Eq.s (5.53), (5.54) hold
good with f = 0 for this case. The surface gravities κH and κC of the two horizons
are given by Eq.s (5.9), (5.13). Then Eq.s (5.53), (5.54) say that there will be
thermal emissions from both the Killing horizons and the temperatures of emission
will be
κHh¯
2π
and
κCh¯
2π
respectively. Similar results hold also for other stationary
de Sitter black hole spacetimes, such as the Reissner-No¨rdstrom-de Sitter or the
Kerr-Newman-de Sitter spacetimes.
5.3. Vector, spin-2 and spin-
3
2
fields
We have seen in Section 5.2.1 that the equation of motion for a Dirac spinor reduces
to scalar equations in the semiclassical WKB framework. We will show below that
the equations of motion for Proca, massive spin-2 and spin-
3
2
fields also reduce to the
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scalar equations in the semiclassical framework. Let us first consider the equation
of motion for a Proca field Ab,
∇aF ab = m
2
h¯2
Ab, (5.68)
where Fab = ∇[aAb]. Eq. (5.68) can be written as
∇a∇aAb − RbaAa −∇b (∇aAa) = m
2
h¯2
Ab, (5.69)
where Rab is the Ricci scalar. But Eq. (5.68) implies that ∇aAa = 0 identically.
Now let us choose a set of orthonormal basis
{
e(µ)a
}
. We expand the vector field
Aa in this basis, Ab = e
(µ)
b A(µ). With this expansion and the fact that ∇aAa = 0,
Eq. (5.69) becomes
e
(µ)
b ∇a∇aA(µ) + A(µ)∇a∇ae(µ)b + 2∇aA(µ)∇ae(µ)b −Rb(µ)A(µ) =
m2
h¯2
A(µ)e
(µ)
b ,
(5.70)
which after contracting both sides by eb(ν) reduces to
∇a∇aA(ν) + A(µ)eb(ν)∇a∇ae(µ)b + 2eb(ν)∇aA(µ)∇ae(µ)b − R(ν)(µ)A(µ) =
m2
h¯2
A(ν).
(5.71)
We choose the usual WKB ansatz for each A(ν) :A(ν) = fν(x)e
iIν (x)
h¯ , where the
repeated indices are not summed here and the functions f and I are independent
of h¯. Substituting this into Eq. (5.71), we take the semiclassical limit h¯ → 0. It
immediately turns out that in the semiclassical limit Eq. (5.71) can be formally
represented by Klein-Gordon equations for the n scalars A(ν),
∇a∇aA(ν) − m
2
h¯2
A(ν) = 0, (5.72)
with ν = 0, 1, 2, . . . , (n− 1). When each of the Eq.s (5.72) is explicitly expanded
and the near horizon limit is taken we get Eq. (5.48) with e = 0. Thus Eq.s (5.53)
and (5.54) hold for this case also.
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Next we consider the massive spin-2 field πab satisfying the Fierz-Pauli equation
[116]
∇c∇cπab − m
2
h¯2
πab = 0, (5.73)
where πab are symmetric tensor fields. As before we expand πab in orthonormal basis,
πab = e
(µ)
a e
(ν)
b π(µ)(ν). In the semiclassical limit and for the WKB ansatz, Eq. (5.73)
can effectively be represented by n(n+1)
2
Klein-Gordon equations for the scalars π(µ)(ν)
∇c∇cπ(µ)(ν) − m
2
h¯2
π(µ)(ν) = 0, (5.74)
and thus similar conclusions hold for this case also.
Finally we will address the spin-3
2
fields satisfying the Rarita-Schwinger equation
[117]. The tunneling phenomenon for this field was addressed in [82] for the Kerr
black hole by explicitly solving the equations of motion in the near horizon limit.
The Rarita-Schwinger equation in a curved spacetime reads
iγa∇aΨb = −m
h¯
Ψb, (5.75)
where Ψb is a spinor. The γ’s are matrices satisfying the anti-commutation relation
similar to the Dirac γ’s:
[
γa, γb
]
+
= 2gabI. The spin-covariant derivative ∇ is
defined as ∇aΨb := (∂a + Γa)Ψb, where Γa are the spin connection matrices.
Due to the similarity of the spin-
3
2
fields with the Dirac spinors discussed in
Section 5.2.1, we will apply the same method here to show that Ψb satisfies the
Klein-Gordon equation in the semiclassical WKB framework. We square Eq. (5.75)
by applying iγc∇c from left. A little computation using the definition of the spin-
covariant derivative ∇a, the anti-commutation relation satisfied by the γ’s, and also
the commutativity of the partial derivatives yields as before,
∇a∇aΨb + 1
4
[γa, γc]
(
∂[aΓc] + Γ[aΓc]
)
Ψb + (γ
c∇cγa)∇aΨb = m
2
h¯2
Ψb. (5.76)
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So as in the previous cases it immediately follows then for the usual ansatz
Ψa =

Aa(x)e
iI1(x)
h¯
Ba(x)e
iI2(x)
h¯
Ca(x)e
iI3(x)
h¯
Da(x)e
iI4(x)
h¯

, (5.77)
Eq. (5.76) reduce to Klein-Gordon equations in the semiclassical limit. We can
easily generalize this result for a charged spin-
3
2
particle coupled to a gauge field by
replacing the spin covariant derivative by the gauge spin covariant derivative. This
gives charged Klein-Gordon equations.
Let us now summarize our results. In this Chapter our main goal was to address
thermodynamics, and particle creation in the Schwarzschild-de Sitter spacetime by
complex path method. In doing so, we have put the complex path approach for
stationary spacetimes in a general framework. We have dealt with some well known
physical matter fields and shown for any arbitrary spacetime in a coordinate inde-
pendent way that in the semiclassical WKB framework all those field equations of
motion are equivalent to the scalar equations. We have done this without choosing
any particular basis of the vector fields or the γ matrices. We needed to assume only
that a metric gab can be defined on the spacetime which guarantees the existence of
the orthonormal basis
{
e(µ)a
}
. So it is clear that as far as the semiclassical level is
concerned it is sufficient to work only with scalars for any arbitrary spacetime.
We further presented a general coordinate independent expression for the emis-
sion probability from an arbitrary stationary Killing horizon with some reasonable
geometrical properties. It was shown that for such spacetimes the emission is al-
ways thermal and the temperature is given in terms of the Killing horizon’s surface
gravity as
κh¯
2π
, thereby proving the universality of particle emissions from Killing
horizons through a very general approach.
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This helped us to discuss particle creation in stationary de Sitter black spacetimes.
For such spacetimes there are two kind of Killing horizons – one is the black hole
and the other is the cosmological horizon. We have demonstrated that the semiclas-
sical complex path method let us treat particle emissions from both the horizons in
an equal footing. We addressed explicitly the case for the Schwarzschild-de Sitter
spacetime. Although we note that our calculations clearly show that for any arbi-
trary stationary de Sitter black hole spacetime, Eq.s (5.53) and hence (5.54) hold,
and thus the two horizons always radiate thermally, and the temperature of emission
from those horizons will always be proportional to their respective surface gravities.
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In this thesis we have studied some properties of black hole spacetimes endowed with
a positive cosmological constant Λ. We know from exact solutions that the inclusion
of a positive Λ into the Einstein equations gives rise to an outer null hypersurface
under some reasonable conditions. This outer null hypersurface acts as an outer
boundary of the spacetime and is known as the cosmological event horizon. In all
stationary exact and known solutions with Λ > 0, this boundary is a Killing horizon.
Due to this boundary an observer located inside the cosmological horizon cannot
refer to the region behind that and thus any precise notion of asymptotic is lost.
Our main goal in this thesis was to investigate the role or effect of Λ and this outer
boundary of the spacetime in gravity. The motivation of this study comes from the
recent observations which indicate that there is a strong possibility that our universe
is indeed endowed with a small but positive Λ [6, 7].
In Chapter 1 we reviewed briefly the history of Λ and elaborated our motivation
to study gravity with this. We considered some exact stationary solutions with pos-
itive Λ and discussed the properties of the cosmological event horizon. We reviewed
black hole no hair theorems, geodesic motion in cosmic string spacetimes and ther-
modynamics and Hawking radiation, which are addressed in the remaining part of
the thesis. In Chapter 2 we established a general criterion for the existence of the
cosmological event horizons in static and stationary axisymmetric spacetimes. We
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found that the energy-momentum tensor must violate the strong energy condition,
at least over some portion of a spacelike hypersurface in our region of interest. In
Chapter 3 we discussed various classical no hair theorems for black hole spacetimes
endowed with a positive Λ, i.e. endowed with a cosmological horizon. We considered
both static and stationary axisymmetric spacetimes. We found for static spacetimes
a clear exception of the no hair theorem for the Abelian Higgs model—we found a
spherically symmetric electrically charged solution sitting in the false vacuum of the
Higgs field. This has no Λ = 0 analogue. This comes from the non-trivial boundary
effect at the cosmological horizon. In particular, this indicates that the existence
of the cosmological horizon may change the local physics considerably. In Chapter
4 we constructed static cosmic Nielsen-Olesen string spacetimes with Λ > 0. We
considered both free, infinitely long string and a string piercing the horizons of the
Schwarzschild-de Sitter spacetime. The conical singularity terms were estimated
also. For a free cosmic string, we discussed the geodesic motion and demonstrated
the repulsive effect of positive Λ. In Chapter 5 we discussed thermodynamics of the
Schwarzschild-de Sitter spacetime and Hawking or Hawking like radiation via the
semiclassical complex path method. We proved the universality of particle emission
from any Killing horizon of a stationary spacetime by deriving a general formula.
This helped us to discuss the particle creation by the black hole and the cosmolog-
ical horizon in an equal footing. We also note that since the general formula for
Hawking radiation in this Chapter was derived on the basis of some geometrical
properties of the spacetime in a coordinate independent way, the result also applies
well to any arbitrary stationary black hole spacetime with a Killing horizon in a de
Sitter universe.
We have mentioned in each of the Chapters the possible extensions or general-
izations of the problems we discussed. Here we emphasize separately one of the
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most interesting open problems in the de Sitter or de Sitter black hole spacetimes.
Precisely, this is the construction of a quantum field theoretic description of the
particle creation or Hawking radiation in such spacetimes. Unlike the flat space-
time, there exists no preferred coordinate system in a curved spacetime and so the
concept of particles or vacuum states in curved spacetimes are observer dependent.
It has been shown for the Schwarzschild spacetime that there exist a certain class of
observers or vacuum states which can register thermal radiation (see e.g. [14] and
references therein), the temperature of the radiation being given uniquely by the
surface gravity of the Killing horizon. In the Schwarzschild-de Sitter spacetime, on
the other hand, there are two Killing horizons which radiate thermally at tempera-
tures proportional to their respective surface gravities. So, what will be the vacuum
states for observers receiving radiations from both the horizons? Or, what will be
the response function for a particle detector?
Also, we recall that Hawking’s original calculations give a clear mechanism of
particle creation by black holes by considering an object undergoing gravitational
collapse to form a black hole [68] at late times. Can we construct an analogous
description for de Sitter black holes also? The main obstacle to this is, unlike the
asymptotically flat spacetimes, we cannot set our boundary conditions at future and
past null infinities for this case due to the existence of the cosmological horizon.
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A. Derivation of Eq. (1.60)
We consider a test particle moving along a timelike or null geodesic ua in the de
Sitter spacetime (1.16). The norm k of ua is
k = gabu
bub = −
(
1− Λr
2
3
)
t˙2 +
(
1− Λr
2
3
)−1
r˙2 + r2θ˙2 + r2 sin2 θφ˙2, (A.1)
where k = −1 (0) if ua is timelike (null), and the ‘dot’ denotes differentiation with
respect to some parameter τ along the geodesic. We can reduce this motion to an
effective one dimensional central force problem in the following way. If ζa is any
Killing field, the quantity uaζa is conserved along any geodesic u
a,
ua∇a
(
ubζb
)
=
1
2
uaub∇(aζb) + ζb
(
ua∇aub
)
= 0. (A.2)
We consider the four Killing fields of the de Sitter spacetime,
ζa0 = (∂t)
a, ζa1 = − sin φ(∂θ)a − cot θ cosφ(∂φ)a,
ζa2 = cos φ(∂θ)
a − cot θ sinφ(∂φ)a, ζa3 = (∂φ)a. (A.3)
The first one is the timelike Killing field whereas the remaining three are spacelike
and generate rotations over a 2-sphere. The conserved quantities associated with
them are
E = −gabuaζb0 =
(
1− Λr
2
3
)
t˙,
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L1 = gabu
aζb1 = −r2
(
sinφ · θ˙ + sin θ cos θ cosφ · φ˙
)
,
L2 = gabu
aζb2 = r
2
(
cosφ · θ˙ − sin θ cos θ sinφ · φ˙
)
,
L3 = gabu
aζb3 = r
2 sin2 θ · φ˙, (A.4)
where the first one can be regarded as the conserved energy and the remaining can
be regarded as the conserved orbital angular momenta along the geodesic. From
Eq.s (A.4) we have
L21 + L
2
2 + L
2
3 = L
2 = r4
(
θ˙2 + φ˙2 sin2 θ
)
. (A.5)
Using the first of Eq.s (A.4) and Eq. (A.5), we eliminate t˙, θ˙ and φ˙ from Eq. (A.1)
to have
k = − E
2(
1− Λr2
3
) + (1− Λr2
3
)−1
r˙2 +
L2
r2
, (A.6)
which can be rewritten as
1
2
r˙2 + ψ(r, L) =
1
2
E2, (A.7)
where the effective potential ψ(r, L) is given by
ψ(r, L) =
1
2
(
1− Λr
2
3
)(
L2
r2
− k
)
. (A.8)
Thus Eq. (A.7) represents an effective non-relativistic central force motion of a unit
mass test particle of energy
1
2
E2.
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